LOCAL LIMIT THEOREM FOR NONUNIFORMLY PARTIALLY 
HYPERBOLIC SKEW-PRODUCTS, AND FAREY SEQUENCES 



SEBASTIEN GOUEZEL 



Abstract. We study skew-products of the form {x,lj) m (Tx,uj + <f>{x)) where T is a nonuni- 
formly expanding map on a space X, preserving a (possibly singular) probability measure fi, 
and (/> : X ^ §^ is a function. Under mild assumptions on /t and 4>, we prove that such a map 
is exponentially mixing, and satisfies the central and local limit theorems. These results apply 
to a random walk related to the Farey sequence, thereby answering a question of Guivarc'h and 
Raugi. 



1. Results 

Let T be a transformation on a compact manifold. If T is uniformly expanding or hyperbolic, 
the transfer operator associated to T admits a spectral gap on a well chosen Banach space, which 
makes it possible to prove virtually any limit theorem (for example the local limit theorem) by using 
Nagaev's method (see e.g. i( 111881 iHHOlh . This article is devoted to the proof of the local limit 
theorem for transformations of the form T : {x^lo) i~f {Tx,lu + (f'i^)) where T is a nonuniformly 
expanding transformation on a compact manifold X, and : X — > §^ is a function. This 
transformation T is an isometry in the fibers S^, which prevents us from obtaining a spectral gap. 

Limit theorems have been obtained (in the more general setting of partially hyperbolic trans- 
formations) by Dolgopyat in [Dol04j (when T is uniformly hyperbolic, and for a measure which 
is absolutely continuous with respect to Lebesgue measure in the unstable direction). However, 
he uses elementary arguments (moment methods) which can not be used to get the local limit 
theorem. To the best of our knowledge, the only partially hyperbolic transformations for which a 
local limit theorem is proved in the literature are the Anosov flows, in |Wad96| (the specific alge- 
braic structure of flows makes it possible to reduce the problem to the study of Axiom A maps, 
which are uniformly hyperbolic). With the techniques of |Tsu05j . it is probably possible to obtain 
it also for skew-products over uniformly expanding maps, for an absolutely continuous measure. 
Unfortunately, the main motivating example of our study, described in the next paragraph, is 
nonuniformly hyperbolic, and its invariant measure is singular. Hence, we will need to introduce 
a new technique, essentially based on renewal theory. 

The qualitative theory of skew-products as above has been studied by Brin. We will need 
more quantitative results, and will obtain them by using tools which are mainly due to Dolgopyat 
|Dol98[ IDol02j . These techniques of Dolgopyat have already proved very powerful in a variety 
of contexts (see fPSOTl lAnaOOl IStoOTl INauOSl IBVOSal IBVOSbl lAGYOej ). the present paper is yet 
another illustration of their usefulness. 

1.1. Farey sequences. Before we give the precise definition of the systems to which our results 
apply, let us describe an interesting example, which is in fact the main motivation for this article. 
The following discussion is essentially taken from |CG02| . 

If p/q and p'/q' are two irreducible rational numbers in [0,1], they are adjacent if \pq' — 
p'q\ — 1. We can then construct their median p" /q" = {p + p')/{q + q'), which lies between 
p/q and p'/q', and is adjacent to any of them. Let J-q = {0/1, 1/1}, and define inductively J-'n 
by enumerating the elements of J-n-i in increasing order, which gives a sequence of adjacent 
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rational numbers, and by inserting the successive medians. For example, Ti = {0/1,1/2,1/1} 
and T2 = {0/1, 1/3, 1/2, 2/3, 1/1}. The set Tn has cardinality 2" + 1. Let also T*^ = Tn - {0}, 
it has cardinality 2". Any rational number of (0, 1] belongs to for any large enough n. Let 
Mn — ^ Sa;e.F* '^^ ' ^^^^ scqucncc of measures converges exponentially fast to a measure /i, in 
the following sense: for any a > 0, there exist C > and 6 < 1 such that, for any function 
/ : [0, 1] — > C which is Holder continuous of exponent a. 



(1.1) 



/ d/i„ - / / d/i 



< c-r 11/11 



The measure is Minkowski's measure, it has full support in [0, 1] and is totally singular with 
respect to Lebesgue measure. It is the Stieltjes measure associated to Minkowski's ? function. 

To prove the exponential convergence ()l.ip . it is more convenient to reformulate everything 
in terms of a random walk on a homogeneous space for the group SL(2,M). Consider the two 
matrices A = (} 5) ^^"^ ^ = (-12) '"^ SL(2,R). Their linear action on leaves invariant the 
cone C — {{x,y) | < a; < y}, and its projectivization P(C) is the unique closed subset of P(R^) 
which is invariant and minimal for the action of the semigroup S generated by A and B. Let us 
identity P(C) with the interval [0, 1] by intersecting C with the line y = 1, we obtain an action of 
S on [0, 1]. The actions of the matrices A and B are given by the transformations 

(1.2) hA{x) = hsix) = 

X 2 — X 

It can easily be checked inductively that 

(1.3) T* = {Mn • • • Ml • 1 I M, e {A, B} for i = 1, . . . , n}. 

In particular, setting ly — {Sa + Sb)/'2, we have /z„ = i'" * Si. The measure is the unique 
stationary measure for the random walk given by ly, i.e., such that v * ^ — iJ. Finally, the 
exponential convergence (jl.ip is proved by showing that the Markov operator associated to the 
random walk has a spectral gap when it acts on the space of Holder continuous functions. 

In }CG02| (see also |GR06| ). Conze and Guivarc'h have considered the same random walk, but 
on homogeneous spaces which are larger than P(R^). More precisely, let us fix r > 1, and consider 
the quotient of R^ — {0} by the subgroup Hr of homotheties of ratio ±r" , n e Z. This is a compact 
space, endowed with an action of SL(2,R). In particular, the semigroup S acts on C = C/Hr, 
which is a compact extension (with fiber of P(C). Let us identify C with [0, 1] x R/(logr)Z 
by {x,y) I— > (x/y,logt/ + (logr)Z). The random walk given by on C jumps from {x,uj) to 
hA{x,uj) := {hA{x),uj + log(l + x)) or hB{x,uj) := {hB{x),uj + log(2 — x)) with probability 1/2. 
Let !F* = {{p/q, logg) \ p/q & J^*} C [0, 1] x R/(logr)Z, the measure pn ■= J^"*i5(i,o) is the average 
of the Dirac masses at the points of J-'*. Hence, the random walk given by v and starting from the 
point (1, 0) describes the rational numbers obtained by the Farey process, as well as the logarithm 
of their denominators, modulo logr. By general results on random walks on compact extensions, 
Conze, Guivarc'h and Raugi proved in [CG021[GR06| that /2„ converges weakly to iJ, (^Leh, where 
Leb denotes the normalized Lebesgue measure on R/(logr)Z. This is an equirepartition result of 
the denominators modulo logr. 

In this article, we are interested in more precise results for this random walk. First of all, we 
prove that the previous convergence is exponentially fast: 

Theorem 1.1. For any a > 0, there exist C > and 9 < 1 such that, for any function / : C ^ C 
which is Holder- continuous of exponent a, 



(1.4) 



/ d/i„ - / f d{fi(g) Leb) 



<cr 11/11 



We also obtain limit theorems for this random walk. In particular, we prove that it satisfies 
the local limit theorem. This answers a question raised by Guivarc'h and Raugi in [GR06j . 

Theorem 1.2. Let ijj : C R be a function. Assume that there does not exist a continuous 
function / : C — )■ R such that ijjo Hm = f °hM — f for M = A and B . Then the Markov chain Xn 



LOCAL LIMIT THEOREM AND FAREY SEQUENCES 



3 



on C, starting from (1,0) and whose transition probability is given by v, satisfies a nondegenerate 
central limit theorem for the function ip, i.e., there exists cr^ > such that, for any a g R, 

(1.5) P I ^ VV^(Xfc) < a) ^ ^= / e-i^ dt. 



I 1 " 



(1.6) ^^F ^VX^fc) e/ + fcrJ ^Leb(/) 



Assume additionally that there do not exist constants a > 0, A > and a continuous function 
/ : C — > M/AZ such that o Hm = / ° ^a/ ^ / + a mod AZ for M = A and B. Then ^ satisfies 
the local limit theorem: for any compact subinterval I of M. and any real sequence kn such that 
kni \fn ^ K G M, then 

/ n \ — 

cr\/27r' 

This result as well as Theorem II .11 in fact hold for any starting point of the random walk, there 
is nothing specific about (1,0). Note that aperiodicity conditions on ^ are clearly necessary to 
get the theorem. For k = 0, the local limit theorem can be reformulated as follows. Consider a 
random walk on C x M whose transition probability is Q{(x,uj,z) — > (x', w', z')) = P((a;,a;) — > 
(x', Ci;'))lz'=z+^(2,_(j). The local limit theorem simply means that the measure •\Ai'3"^(i,o,o) con- 
verges weakly to an explicit multiple of the measure /i LebK/(iogr)z ® LebR. 

Let T be the transformation on the interval [0, 1] given by 

(1.7) T(x) = — ^ if X < 1/2, r(x) = 2- i if X > 1/2. 

\ — X X 

Then Ka and Kb are the inverse branches of the transformation T. The Markov operator corre- 
sponding to the random walk on [0, 1] is therefore the adjoint (for the measure [i) of the composition 
by r, i.e., the transfer operator associated to T. The transformation T is topologically conjugate 
to the transformation a; i-^- 2a; on [0, 1], and \x is simply the maximal entropy measure of T, i.e., the 
puUback of Lebesgue measure under this conjugacy. Note that T is not uniformly expanding, since 
it has neutral fixed points at and 1. We can then define a transformation T on [0, 1] x K/ (logr)Z 
whose inverse branches are Ka and /i^, by 

(1.8) T{x,uj)^{Tx,uj^<i){x)), 

where (l>(x) — log(l — x) if x < 1/2, and 0(x) = log(x) if x > 1/2. By construction, the Markov 
operator corresponding to the random walk on C is the transfer operator associated to T (for the 
measure /i ® Leb) . 

With the preceding discussion, we can reformulate the previous theorems in the general setting 
of this article: we are going to study transformations of the form (x,uj) ^ (Tx,uj + 0(x)) where 
T is a nonuniformly expanding transformation of a manifold X, and (p is a function from X 
to the circle S^. Hence, to integrate the study of Farey sequences in our general setting, it will 
be important not to demand uniform expansion, and to be able to deal with measures which are 
singular with respect to Lebesgue measure. These two constraints will justify the forthcoming 
definitions, but they will bring along a certain number of technical difhculties. 

1.2. Definition of nonuniformly partially hyperbolic skew-products. 

Definition 1.3. Let Z be a riemannian manifold, endowed with a finite measure v . An open subset 
O of Z is said to have the weak Federer property (for the measure u) if it satisfies the following 
property. We work on O, with the induced metric, and the geodesic distance it defines. For any 
C > \, there exist D = D(0, C) > 1 and rjo = r]o{0, C) > such that, for any r/ < rjo, there exist 
disjoint balls B(xi, Crj), . . . , B{xk, Crf) which are compactly included in O, and sets Ai, . . . , A/- 
contained respectively in B{xi, DCrf), . . . , B(xk, DCrj), whose union covers a full measure subset 
ofO, and such that, for any x'^ G B(xi,{C — 1)??), we have v[B(x^,ri)) > v{Ai)/D. 

A family of open subsets (0„)„gN is said to uniformly have the weak Federer property (for 
the measure v) if each set 0„ has the weak Federer property and, furthermore, for any C > 1, 
sup„gN D(0„,C) < oo 
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This is a technical covering condition. It is a kind of weakening of the classical doubling 
condition, having the following advantages. On the one hand, it will be satisfied in many examples 
(and in particular for Farey sequences, where the doubling condition does not hold). On the other 
hand, it is sufficient to carry out the forthcoming proofs (essentially, it is the technical condition 
which is required for Dolgopyat type arguments to work). The main point of the definition is 
that D can be chosen independently of ?/: in some sense, the weak Federer property is a covering 
lemma with built-in uniformity. 

The following definition describes the class of applications T to which the results of this article 
apply. It is large enough to contain the map (|1.7p . as we will see later on. 

Definition 1.4. Let T be a nonsingular transformation on a riemannian compact manifold X 
(possibly with boundary), endowed with a Borel measure fi. Let Y be a connected open subset 
of X , with finite measure and finite diameter for the induced metric. We will say that T is a 
nonuniformly expanding transformation of base Y, with exponential tails and the uniform weak 
Federer property, if the following properties are satisfied: 

(1) There exist a finite or countable partition (modulo 0) (W/)/gA ofY, and times (r/)/gA such 
that, for all I G A, the restriction of T^' to Wi is a diffeomorphism between Wi and Y , 
satisfying k \\v\\ < \\DT^' {x)v\\ < Ci \\v\\ for any x Wi and v a tangent vector at x, for 
some constants k > 1 ( independent of I ) and Ci . We will denote by Ty : Y ~* Y the map 
which is equal to T^' on each set Wi . 

(2) Let TL = TLi denote the set of inverse branches of Ty and, more generally, let 7i„ denote 
the set of inverse branches of Ty ■ Let J{x) be the inverse of the jacobian ofTy at x, with 
respect to fj,. We assume that there exists a constant C > such that, for any inverse 
branch heTi, ||D((log J) o h)\\ < C. 

(3) There exists a constant C such that, for any I, if hi :Y ~f Wi denotes the corresponding 
inverse branch of Ty , for any k < ri, UT'' o hi\\ , < C. 

(4) Let r : Y N be the function which is equal to ri on Wi . Then there exists CTq > such 
that Jy e'^"'' d^ < oo. 

(5) Let fly denote the probability measure induced by fj, on Y. Then the sets h(Y), for h G 
UneN^K' uniformly have the weak Federer property (with respect to jiy). 

In this article, we will only consider transformations T of that type. Hence, we will simply say 
that T is nonuniformly expanding with base Y . 

The first four conditions roughly mean that T is nonuniformly expanding, and that an induced 
map Ty (which is not necessarily a first return map) is uniformly expanding and Markov, with 
exponential tails. This kind of assumptions is described in |You98|, rYou99| . and is often called a 
Young tower structure in the literature. The fifth condition is a covering condition. It is probably 
not very natural to require it uniformly over the inverse branches of the iterates of Ty, but it will 
be satisfied in all the examples we are going to consider. 

Under the first two assumptions, it is a folklore result that Ty preserves a probability measure 
which is equivalent to fiy, whose density is and bounded away from and oo. Without loss 
of generality, we may replace /xy by this measure (which does not change the assumptions), and 
we will therefore always assume that fiy is invariant under Ty (and has mass 1). Inducing from 
fiy (and using the fourth assumption), and then renormalizing, we obtain a probability measure 
jl OTi X which is invariant under T and ergodic. However, the restriction of /i to 1" is in general 
not proportional to /xy, when the return times ri are not first return times. 

The measure jl is always ergodic for T, but sometimes not for its iterates: in general, there 
exists a divisor d of gcd{n | Z e A} and open sets (Oi)iez/dz such that T maps Oi to Oi+i, and 
the restriction of T'^ to each Oi is mixing. For the sake of simplicity, we will only consider in what 
follows transformations T which are mixing, i.e., for which d = 1. However, the results we will 
give have their counterpart in the general case, since they can be applied to T'^ on each set Oi. 
Note that the mixing of T is equivalent to the ergodicity of all the iterates T", and is implied by 
the equality gcd{ri} — 1. 
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Remark 1.5. Under the first Jour assumptions of Definition \l.Ji-\ and if T is mixing for the 
probability measure jl, then it is exponentially mixing (for Holder continuous functions) . This has 
been proved by Young in [Yoii98| (in a slightly different setting) using a spectral gap argument, and 
again in ^You99) using coupling. We will not use these results of Young. Indeed, our arguments 
will yield yet another proof of this exponential mixing, through operator renewal theory (see in 
particular Corollary I5'.5|) . This proof is not new, it is already implicit in |Sar02] and explicit in 
|Gou04bj . 

In a similar setting (the study of expanding semiflows), Ruelle shows in |Rue83| that a sus- 
pension over an expanding map cannot be exponentially mixing if the roof function is locally 
constant. Therefore, it is not surprising that this case should be excluded from our study, since 
we will (among other results) prove exponential mixing. 

Definition 1.6. Let T be a nonuniformly expanding transformation of base Y , on a manifold 
X. Let (j) : X R be a function. Denote by 4>y the induced function on Y , given by 
(jyyix) = X]r=o' ^ (j){T^x). We say that (p is cohomologous to a locally constant function if there 
exists a function f : Y M. such that the function (jyy — f + f ° Ty is constant on each set 

Wu leA. 

If (j) is not cohomologous to a locally constant function, we define a map T : X x §^ X x §^ 
by T{x,uj) = (Tx,u! + (f>{x)). It preserves the probability measure fl Leb (in this article, the 
Lebesgue measure on the circle §^ = R/27rZ, denoted by Leb or duj, will always be normalized of 
mass 1). The transformation T is "nonuniformly partially hyperbolic", in the following sense: in 
each fiber S^, T is an isometry, while it is expanding in the direction of X. Hence, we would like to 
talk of partial hyperbolicity. However, since the expansion of T is not uniform, T can have neutral 
fixed points or even critical points. Hence, there may exist points where the "expansion" in the X 
direction does not dominate what is happening in the fiber. Therefore, the partial hyperbolicity 
is rather asymptotic than instantaneous. 

1.3. Limit theorems for nonuniformly partially hyperbolic skew-products. Let T be 

a nonuniformly expanding map with base Y , preserving the probability measure p., and mixing. 
Assume that fxy has full support in Y. Let : X ^ K be a function which is not cohomologous 
to a locally constant function. We consider the skew-product T(x,lu) — {Tx,uj + (t>{x)). 

Theorem 1.7. For any a > 0, there exist 9 < 1 and C > such that, for all functions /, g from 
X X to C respectively bounded and Holder continuous with exponent a, and for all n G N, 

<ce^'\\f\\L^\\g\\c^- 

We will then be interested in limit theorems for the transformation T. Let : X x ^ R be 
a Holder continuous function, such that J ip d(/i Leb) = 0. Let 

/oo 
d(/i ® Leb) + 2 ^ / V • o '^'^ d(/i ® Leb). 

This quantity is well defined, by Theorem 11.71 

Proposition 1.8. We have cr^ > 0. Moreover, — if and only if there exists a measurable 
function f : X x ^ M. such that Tp = f — f o T almost everywhere. In this case, the function f 
has a version which is continuous on Y x §^ , and it belongs to LP{X x S^) for all p < oo. 

Let us denote by Snip the Birkhoff sums Y!^"^q V' ° When is nonzero, i.e., ip is not a 
coboundary, then tjj satisfies the central limit theorem: 

Theorem 1.9. Let %jj be a Holder continuous function on X x with zero average, such that 
> 0. Then Snip/\/n satisfies the central limit theorem, i.e., Snip/V^ converges in distribution 
(for the probability measure fi (X" Lebj towards the gaussian distribution Af{0, cr^). 



(1.9) 



J / o T" • .g d{fL (g) Leb) ^ (^J f d(A ® Leb) j (^J 



g d(/i (g) Leb) 
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Let US say that ip is aperiodic if there does not exist a > 0, A > and f : X x ^ M/AZ 
measurable, such that 'il' = f^foT + a mod A ahnost everywhere. This impHes in particular 
that i/j is not a coboundary, hence > 0. 

Proposition 1.10. Ifip is aperiodic function, there exist a > 0, A > and f : XxS^ ^ R/AZ 
measurable such that ip — f — f oT + a mod A almost everywhere, and f is continuous onY xS^ . 

The notion of periodicity is interesting, since it gives the only obstruction to the local limit 
theorem: 

Theorem 1.11. Let be a function on X x E>^ , with vanishing average, aperiodic (which 
implies > 0). Then the Birkhoff sums Sn'4' satisfy the local limit theorem, in the following 
sense: for any compact interval I, any real sequence kn such that kn/\/n k G M, we have when 
n ^ oo 

(1.11) Vn(p(S) Leb){(a;, uj) e X x \ Snip{x, oj) G I + ^ Leb(/) ^ ^ 



cr V27r 

We also obtain numerous other limit theorems (such as the Berry-Esseen theorem on the speed 
of l/\/n in the central limit theorem, the renewal theorem, and so on). Instead of giving precise 
statements, we will rather give the key estimate which implies all of them, by showing that the 
Birkhoff sums Snip essentially behave like a sum of independent identically distributed random 
variables: 

Theorem 1.12. Let %p be a function with zero average, such that cP' > 0. There exist tq > 0, 
C > 0, c > and < 1 such that, for all functions /, g from X x Ei^ to C respectively bounded 
and , for any n G N, for any t € [— tq, to], 



(1.12) 



J e'iS^^ • / o T" • 5 d(Ai «) Leb) - - (^j f d(/i ® Leb)^ (^j gd{fL® Leb)^ 

<C(r + |t|(l-ct2)") 11/11^^ llffll^e. 



Moreover, if tp is aperiodic, for all to > tq, there exist C > and < 1 such that, for all 
\t\ e [to, to]. 



(1.13) 



J e'^^-'f' • / o T" • 5 d(/i (g) Leb) 



<Cr\\f\\L^\\9\\c^- 



Taking / = g = 1, we obtain that the characteristic function of e'*'^"'^ essentially behaves like 
(1 — fT^i^/2)", which makes it possible to prove Theorem 11.91 for functions. Theorem [TTTTJ as 
well as numerous limit theorems, by mimicking the classical methods in probability theory for 
sums of independent identically distributed random variables. It should just be checked that the 
additional error term ^" + \t\{l — ct^)"^ does not spoil the arguments. This has already been done 
in [GouOSj . We will not give further details on these classical arguments in the following. 

Note that, taking i = 0, Theorem 11.121 implies Theorem 11.71 (for a — Q, but this easily implies 
the general case by a regularization argument). However, the proof of Theorem 1 1 . 71 is considerably 
easier than the proof of Theorem 1 1.1 21 Hence, we will give its proof with full details - it will also 
be the occasion to introduce, in a simple setting, some tools which will be used later on in more 
sophisticated versions. 

Remark 1.13. Propositions \1.8\ and [TTO\ give automatic regularity for solutions of the cohomo- 
logical equation, with a loss of regularity ( arbitrarily small in Proposition of 6 derivatives in 
Provosition The loss of Q derivatives is probably not optimal but, with the method of proof 

we use, some loss seems to be unavoidable. 

The continuity of f onY xE>^ can in general not be extended to a continuity on the whole space 
(think for example of a map T with discontinuities). Nevertheless, using the specificities of T , it 
is often possible to obtain the continuity of f on larger sets. 
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Remark 1.14. Theorem \1.9\ will first be proved for functions by using Theorem l 1 . 1 SI and then 
extended to Holder continuous functions by an approximation argument. This argument does not 
apply for the local limit theorem, which explains our stronger regularity assumption in Theorem 

Remark 1.15. We require that fiy has full support in Y . For some interesting maps (e.g. maps 
on Cantor sets, see [Nau05| j. this condition is not satisfied. The full support condition is used only 
to get Dolgopyat-like contraction, in the proof of Lemma lA.^ and can be dispensed with, under a 
stronger condition on (j). Indeed, if there exist two sequences hi,h2, ■ . ■ and h'i,h'2, . . . of elements 
of Ti., and a point x in the support of /iy, such that the series X^i^Li D{(f>Y ° hn ■ • ■ hi)(x) and 
I^{4>Y ° ' ' ■ converge and are not equal, then the proof of this lemma goes through 

(note that this condition is very similar to (NLI) in [NauOSj ). When /iy has full support, this 
condition is equivalent to cf) not being cohomologous to a locally constant function, as shown in the 
proof of Lemma ] A. 81 

1.4. Examples. In the examples, if T and (p are given, and one wants to apply the previous 
results, one should first check that T is nonuniformly expanding of base Y, for some Y , and then 
prove that (j) is not cohomologous to a locally constant function. The first issue depends strongly 
on the map T (see the following list of examples), but the second one is in general easy to check 
as follows, by using periodic orbits. 

Assume - this will be the case in all our examples - that every inverse branch /i e 7i of Ty has a 
unique fixed point Xh. Let / be a function on Y. If 0y — f + f oTy is constant on each set h{Y), 
it has to be equal to (pyixh) there. Consequently, the function g, equal to 4>y — 'Pvixh) on each 
set h{Y), is cohomologous to 0. In particular, if one can find a periodic orbit of Ty along which 
the Birkhoff sum of g is nonzero, then this is a contradiction, and (f> can not be cohomologous to 
a locally constant function. This can easily be checked in practice: for example, we will use this 
argument in the specific case of Farey sequences. 

If 1 < fc < cxD, the previous argument moreover shows that, in the space of functions on 
X, the set of functions (p which are cohomologous to a locally constant function is contained in 
a closed vector subspace of infinite codimension. Hence, the theorems of Paragraph 11.31 can be 
applied for most (in a very strong sense) functions (j). 

Let us now describe different classes of maps T which satisfy Definition 11.41 

Nonuniformly expanding maps, and Lebesgue measure. Let T be a map on a compact riemann- 
ian manifold X (possibly with boundary). We assume that T is nonuniformly expanding, in the 
following sense (see [ABVOOl lALPOSi [Gou06| ). Let S* be a closed subset of X with zero Lebesgue 
measure (corresponding to the singularities of T) , possibly empty, and containing the boundary of 
X . We assume that T is a local diffeomorphism on X — S, nondegenerate close to S: there exist 
B > \ and /3 > such that, for any x £ X ~ S and any nonzero tangent vector v at a;, 

(L14) ld(x, Sf < "^ff"" < Bdix, Sr^. 

B \\v\\ 



< ^_d[x,y) 



Assume also that, for any x,y £ X with d{x, y) < d{x, S)/2 

(1.15) \\og\\DTix)-'\\ -log\\DT{y)- 
and 

(1.16) \\og\det DT{x)-^\ - log\det DT{yy^\\ <B-'^^'^'^^ 



d{x, sy 



d{x, S)f^ ' 



For (5 > 0, let ds{x, S) = d{x, S) if d{x, S) < S, and ds{x, 5) = 1 otherwise. Let 6 : (0, Sq) K+ 
be a positive function, and let k > 0. Assume that, for any e < Eq, there exist C > and 9 < 1 
such that, for any N E N, 

n— 1 n — 1 

Lebja; eX\3n> N, -J2^os\\DT{T''xy^\\~^ < k or - ^ - logd5(,)(T'=x, 5) > e} < CO'' 



n ^ — ' n 

k=0 k=0 
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This assumption means that the points that do not see the expansion or are too close to the 
singularities, after time N, have an exponentially small measure. 

As examples of such applications, let us first mention uniformly expanding maps, of course, but 
also multimodal maps with infinitely many branches [AP 04 (which have thereby infinitely many 
critical points), as well as small perturbations of uniformly expanding maps (such perturbations 
can have saddle fixed points), see |Alv04| section 6]. 

Proposition 1.16. Under these assumptions, there exists a subset Y of X such that T is nonuni- 
formly expanding of base Y , for Lebesgue measure. 

Proof. This theorem is essentially proved in [GouOG) Theorem 4.1]. More precisely, this theorem 
constructs a subset Y of X and a partition of Y such that the first four properties of Definition 
11.41 are satisfied. The set Y is an open set with piecewise boundary, and each inverse branch 
h can be extended to a neighborhood of Y . 

If the boundary of Y were (and not merely piecewise C^), each set h{Y) would also be an 
open set with boundary, and the uniform weak Federer property would directly result from the 
good doubling properties of Lebesgue measure. However, if the boundary of Y is only piecewise 

, the images of the boundary components by an inverse branch h could make smaller and smaller 
angles, which could prevent the uniform weak Federer property from holding. 

Therefore, we have to modify slightly the construction in [Gou06| to obtain a set Y with 
boundary. In that article, one starts from a partition Ui of X (into sets with piecewise 
boundary), and one subdivides each set Ui into subsets Vj which are sent by some iterate of T on 
one of the sets Ut. The set Y is then one of the [/^'s, and the desired partition of Y is obtained 
by inducing from the Vj^s (see |Gou06[ section 4] for details). 

To obtain a smooth F, we also start from a partition Ui, but we decompose Ui as U} U C/f where 
U} is a ball inside Ui and Uf is its complement. Applying the construction of ,Gou06 separately 
to each set U} and C/f , we subdivide them into sets Vj which are sent by some iterate of T to 
some Uk. We finish the construction by taking for Y one of the sets U} , and inducing on it. □ 

To apply the results of Paragraph 11.31 one needs an additional mixing assumption, which is 
satisfied as soon as all the iterates of T are topologically transitive on the attractor nri>o ^"(X) 
(see [Gou06]). 

Multimodal maps of Collet-Eckmann type. Let T be a multimodal map on a compact interval 
/. If the derivative of T" along the postcritical orbits grow exponentially fast, and T is not 
renormalizable (which prevents periodicity problems), [BLVS03] shows that there exists a unique 
absolutely continuous invariant probability measure jl, and that T is exponentially mixing for this 
measure. 

To prove this result, the authors show that there exist an interval Y and a subpartition Wi of 
Y satisfying the first four properties of Definition 11.41 for Lebesgue measure. Since the sets h{Y) 
(for h e lj„gpj7i„) are all intervals, the uniform weak Federer property is also trivially satisfied 
by Lebesgue measure. 

Gibbs measures in dimension 1. If T is a uniformly expanding map on a compact connected 
manifold X , and m : X — > R is a function, there exists a unique invariant probability measure 
^ which maximizes the quantity h^(T) + J u over all invariant probability measures v. This is 
the so-called Gibbs measure associated to the potential u. 

In general, it is unlikely that such a Gibbs measure satisfies the weak Federer property (unless 
fi is equivalent to Lebesgue measure, which corresponds to potentials u which are cohomologous 
to — logdet(Z?r)). Indeed, the proof of the weak Federer property in the previous examples relies 
in an essential way on the good doubling properties of Lebesgue measure. 

However, in dimension 1 (i.e., if T is a circle map), the iterates of T are conformal, which 
implies that /i satisfies the weak Federer property, and our results apply. Proofs of the Federer 
property in this setting have been given by Dolgopyat or PoUicott, but with small imprecisions, 
so we will give a full proof in Proposition 16.21 (as a very simple consequence of the methods we 
develop to treat the Farey sequence). Note that the same results also apply in higher dimension. 
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for conformal uniformly expanding maps (since uniformly expanding maps always admit Markov 
partitions). 

Farey sequences. The results of Paragraph 11.31 also apply to the map (jl.Sp , which generates the 
Farey sequence. However, the proof requires more work, since checking the weak Federer property 
is not trivial. Moreover, the most interesting results stated in Theorem 11.21 are pointwise results 
(for a random walk starting from (1,0)), while the statements of Paragraph 11.31 are on average 
results. To prove the pointwise statements, we will therefore need to use more technical results, 
established during the course of the proof of Theorems 11.71 and 11.121 As a consequence, the results 
of Paragraph 11.11 will be proved at the end of the article, in Section 

1.5. Method of proof, and contents of the article. In general, to prove exponential mixing 
and a local limit theorem, it is very comfortable to have a spectral gap property for a transfer 
operator (the spectral perturbation methods then yield the desired results quite automatically). 
The spectral gap is in general a consequence of some expansion or contraction properties. However, 
in our setting, the map T is an isometry in the fibers, and a spectral gap seems therefore difficult 
to obtain. Note that |Tsu05| manages to construct a space with a spectral gap for such maps, but 
under strong assumptions: the map T should be uniformly expanding, and fi should be absolutely 
continuous with respect to Lebesgue measure. These properties are unfortunately not satisfied in 
our setting, and we will thus have to work without a spectral gap (on the space X x §^). 

Dolgopyat developed in |Dol98[ IDol02| techniques which he used to prove the exponential decay 
of correlations for maps T as above, if T is uniformly expanding. His main idea is to work in Fourier 
coordinates, to see that each frequency is left invariant by the transfer operator associated to T, 
and to obtain explicit bounds on the mixing speed in each frequency (by using oscillatory integrals, 
which give explicit compensations). The gain is not uniform with respect to the frequency (which 
accounts for the lack of spectral gap) , but the estimates are nevertheless sufficiently good to obtain 
exponential mixing. 

We will use in an essential way Dolgopyat's ideas in this article, as a technical tool. This tool 
applies to uniformly expanding maps, which is not the case of our map T, we will therefore need 
to induce on the set Y to get uniform expansion. To obtain information on the initial map, we 
will then make use of (elementary) ideas of generating series and renewal theory. 

The real difficulty of the article lies in the local limit theorem, since a spectral gap property 
seems more or less necessary to any known proof of the local limit theorem, while Dolgopyat's 
arguments do not give such a spectral gap. If we try to work on the level of frequencies, as for 
the exponential mixing, we quickly run into the following additional difficulty: if / is a function of 
frequency i.e., /(a;, uj) = u{x)e^^'^ , then e**'^/ is not any more a function of frequency k. In other 
words, the multiplication by e'*"^ - which is at the heart of the proof of the local limit theorem 
for the function ■0 - mixes the different frequencies together. Hence, even though Dolgopyat's 
techniques give a good control at high frequencies, this control is instantaneously ruined by the 
multiplication by e'*''', which can go back into low frequencies, where no control is available. 

The central idea for the proof of the local limit theorem is to induce at the same time in x and 
in k: we consider some kind of random walk on the space X x Z (where the Z factor corresponds 
to the space of frequencies), and we induce on a subset Y x [—K, K] where K is large enough so 
that what happens outside of this set can be controlled by Dolgopyat's tools. The main interest of 
this process is that the induced operator on F x [—K, K] has a spectral gap, and can be studied 
very precisely. Using techniques of operators renewal theory |Sar02[ IGou05| , we will then use this 
information to obtain a global control on X x Z, finally yielding Theorem ll.121 

Remark 1.17. The next natural question is to study maps of the form T' : (x, uo') i— s- (Tx, uo + 
4>{x),U}' + %Ij{x,uj)), where T and <f> are as above. If tp is aperiodic, Theorem \1.12\ shows that the 
correlations of functions of the form u{x,uj)e'^'"^ (where u is and k ^ Z) tend to 0. Since 
the linear combinations of such functions are dense in L^, this implies that T' is mixing. It is 
even Bernoulli, by the following argument: first, T (or rather its natural extension) is Bernoulli 
since it is mixing and non-uniformly hyperbolic (see e.g. [OW98| ). Since T is a mixing isometric 
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extension of T, it is also Bernoulli by |Rud78j . The same argument applied to T then implies that 
T' is Bernoulli. 

However, to prove further results on T , such as exponential mixing or the local limit theorem 
(probably under stronger assumptions on ^) seems out of reach by currents techniques. More 
precisely, we use Dolgopyat's techniques (which give precise explicit estimates for the map T) to 
study the map T (and obtain, by an abstract compactness argument, non-explicit estimates for 
T). To go one step further and study precisely T' , we would need explicit estimates for T (i.e., in 
(|1.13p . we would need to control 9 and C in terms of to), which seems considerably more difficult. 

The article is organized as follows: in Section [21 we state a theorem on transfer operators giving 
all the technical estimates we shall need further on (with contraction in the classical sense, or 
in Dolgopyat norms) . This technical theorem will be proved in an appendix. In Section [31 it is 
used to prove Theorem 11.71 The proof is a baby version of the proof of the local limit theorem, 
introducing some tools on renewal operators that will be used further on. In Section [H we describe 
in details the strategy of the proof of the local limit theorem, and give two technical results which 
are essential in its proof. The proof itself is given in Section [5l Finally, Section [6] is devoted to the 
proof of the results on Farey sequences, as stated in Paragraph ll.il 

In all the following, we fix once and for all a map T which is nonuniformly expanding of base 
Y , mixing, together with a function which is not cohomologous to a locally constant function. 

2. Tools on transfer operators 
For fc e Z and v G C^(F), we set 

(2.1) Ckv{x) = ^ e-''"f"''-''''\j{hx)v{hx), 

hen 

and we define C — Cq. This is the transfer operator associated to Ty. For x ^ Y and n £ N, let 
us also write S'^(I)y{x) = ^^^^ 4>y{Tyx). 

For n e N and x £Y, let r(")(a;) = E"=o^ r{Ti.x). For n G N, A > and e > 0, we will denote 
by C,f the set of functions v from F to C which are on each set h{Y) for h g Tin, and such 
that the quantity 

(2.2) WvWr^.^ = sup supmax(|i;(/ix)|,||D(i;o/i)(a;)||M)/e='''"'(''^) 

is finite. These are the functions we will be working with. They can be unbounded, but their 
explosion speed is controlled by the return time. Typically, if one starts from a smooth function on 
X and induces, the resulting function will be unbounded but in Cj^'^ for some A, e. In particular, 
for any A > and e > 0, we have sup„gpj ||S'J(/'F|||,A,e < oo. Note that the set of functions C^'^ 
does not depend on A, but the corresponding norm does. 

Let fc e Z and Cq > 1. We will denote by £h{Co) the set of pairs {u,v) of functions from 
y to C such that \v\ < u and max(|j_Dw|j ,||_Du||) < Co max(l, |fc|)u. This set is a cone, i.e., 
it is stable under addition and multiplication by nonnegative real numbers. We will also write 
ll''^llnfc(Co) simply ||w||j5^) for the infimum of the quantities 111*11^4 over all functions u such that 
(m, v) G £k{Co). Since £k{Co) is a cone, this is a norm, satisfying ||w||^4 < II^^IId^ ^ ll''^llci- ^^'^ 
norm has been (implicitly) used by Dolgopyat, and is very useful since it enjoys good contraction 
properties for the action of the transfer operator Ck- 

We will freely use the following trivial inequalities: if |fc| < then < II'^^IId^.- Moreover, 

for any fc, HwH^ij^ < Ikllci- Finally, we have < ||v||^A,e as soon as e' > e. 

The theorem we will use is the following. Recall that T is a fixed nonuniformly expanding 
transformation of base Y , and that is a function which is not cohomologous to a locally 
constant function, also fixed once and for all. 

Theorem 2.1. There exist N > 0, Co > I, e > and e (2-i/(i°i°^), 1), such that, for any 
M > 1, the following properties hold. 
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Classical contraction: for any A > 1, there exists a constant C{A) such that, for any 

ip & c^iN '^"''^ f^^ '^''^y ^ (^^0^)! 

(2.3) WC'^'^ii^v)]]^, < 01™*^^ f sup |^(x)|/e4-'""'(-)) + C{A) M^.^.. M^o • 

\xl=:Y J 

Moreover, there exists C > satisfying: let A > 1, let ipi,. .. ,ipn G Cf^'^ o,nd let v € 
C^{Y). Write v° =v and ^ C^'^{iP,v^-'^). Then 



(2.4) \\v-\\^,<CA 




WOMNn ||„,|| I n-MNn 



Dolgopyat's contraction: for any A > 1, there exists K ~ K{A,AI) such that, for any 
\k\ > K , for any function v : Y C, for any function ip G C^^/^ , 

(2-5) ||£r(^.)L^<^---||^||,.,.||.||,^^,^. 

Moreover, for any |£| > |fc| > K , we also have 

(2-6) ||/:r(^.)L^<e-*^^||V^||,.,.||.||,,^,,^. 

The first half of the theorem is really classical (it is a consequence of the usual contraction 
of transfer operators on spaces of Lipschitz or functions), the second half is less classical but 
should not be surprising to a reader who is used to Dolgopyat's techniques. However, this result 
contains additional technical difficulties with respect to the same kind of results in the literature. 
Indeed the functions in C^y^ are usually unbounded and have unbounded derivatives. Moreover, 
the application of Dolgopyat's arguments is problematic since the function 0y is also unbounded 
with unbounded derivative. As a consequence, the proof of this theorem is quite unpleasant, even 
though it does not need additional conceptual ideas, only technical ones. Therefore, the proof of 
Theorem 12. II is postponed to Appendix El 

In all the rest of the article (hut Appendix\^, N, Cq, e and 6 will he fixed once and for all, 
and will denote the constants given by Theorem \2.1i 

Remark 2.2. Note that the hounds with \\ip\\^A,4e imply the same hounds with H-^lj^A.e . Most 
of the time, we will only need this weaker version (the inequalities with 4e simply give a small 
additional margin, which will he useful from time to time). 

Remark 2.3. Concerning the precise formulation of Theorem \2.1\ let us make two additional 
remarks which are apparently technical hut are in fact extremely important for the forthcoming 
proofs. 

(1) The theorem for M = 1 is sufficient to ohtain the exponential mixing (and to prove the 
theorem for M ^ \ we only need the weak Federer property of Y , and no uniformity on the 
inverse branches) . However, to prove the local limit theorem, we will need to take larger 
and larger M 's: since 9 is independent of M , the gain Q'^oomn ^jj^j^ enable us to control 
some terms which are polynomially growing with AI . The uniformity in M in Theorem 
\2.1\ is therefore crucial. 

(2) Since \\v\\j^ < \\v\\]j , the inequality ()2.5p is stronger than 



-Dfc 



(2.7) ||/:f^^(V'v)|| < 9'^"''''' IIV'I 

The inequality p.7p would he sufficient to prove the exponential mixing. However, to prove 
the local limit theorem, we will jump from one frequency to another, and the additional 
gain in the index given by (|2.5p will he crucial (especially in the proof of Lemma \4.3\ l. 

The following general lemma will also be required: 

Lemma 2.4. LetTo he an ergodic transformation of a probability space, with corresponding trans- 
fer operator Tq . Let g be a nonzero integrahle function, let f he a measurable function with modulus 
at most 1, and Ze< A G C with |A| > 1. We assume that Xg — To(/g). Then |A| — I, \ f\ = 1 almost 
everywhere, and Xg o T = fg almost everywhere. 
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Proof. We have \X\\g\ < To\g\. Integrating this equation yields |A| \\g\\[^i < HsHii, which implies 
|A| = 1. Moreover, the function To\g\ — \g\ is nonnegative and has zero integral, hence it vanishes 
almost everywhere. Since To\g\ = \g\, the measure with density \g\ is invariant. By ergodicity, l^l 
is almost everywhere constant (and this constant is nonzero). The equation Xg = T^^fg) becomes 
fa/go To) = 1. Therefore, 



< 1. 



(2.8) 1= / A-V^< , .. . ^ 

J 5° To J g°To 

This shows that the function f-^ has to be equal to 1 almost everywhere. □ 

3. Exponential mixing 

3.1. A model for T. For n e N, we are going to define an artificial transformation, which will 
model the dynamics of T, as follows. Let X*^") — {{x,i) \ x ^ Y^i < r*^"^(x)}, we define a 
map U^^^ (or simply [/ if n is imphcit) on X*^"' by U{x,i) = (x, i + 1) if i + 1 < r^")(x), and 
C/(a;,r(")(a;) - 1) = (T{J(a;),0). Let tt^") : ^ X he given by 7r(")(a;,i) = T\x), we obtain 

TT*^"^ oU — To 7r("\ We endow each set h{Y) x {i}, for h e 7Y„ and i < r*^"^ o h, with the restriction 
of the measure /iy to h{Y). This yields a measure /x'") which is invariant under U and whose 
restriction to y x {0} is equal to fj^y- Strictly speaking, the map U is not defined everywhere 
since some points of Y do not come back to Y. However, it is defined /i^"-* almost everywhere, 
which will be sufficient for our needs. The measure Tri"'*/^^"' is absolutely continuous with respect 
to fl and invariant, hence these measures are proportional by ergodicity. In particular, setting 
^(n) ^ ^(»)/^(")(x(")), we have 7rl"^/i(") = fl. 

We also endow X^") with a metric, as follows. The set Y is canonically embedded in X^") 
by y (z/jO), we endow the image of this embedding by the metric of Y. Let h S 7i„ and 
< i < r*^"-' o h (this function is constant on Y). The map ^oh-i jg ,^ bijection between 
h{Y) X {{] and Y x {0}, we choose the metric on h{Y) x {{} so that this map is an isometry. 

With this choice of the metric, the map U is very expanding on the points of the form {y, 0) 
(it expands the metric by at least k"), and it is a local isometry on the points (y,i) with i > 0. 
Since T satisfies the third property of Definition 11.41 the map tt*^") is almost a contraction: there 
exists a constant C such that 



(3.1) D7r(")(a;) 



<C\ 



for any x € X^") and v tangent at a;. If u : X ^ C is a function, the function u o tt^"-' is then 
also onX("), and ||u o tt^") < C\\u\\(J^. 

We finally define a map = on x S^, hyUix, uj) = {Ux,uj + (j)o t:<^'^){x)). If we define 
^(n) . ^(n) X Si ^ X X §1 as 7r(") X Id, then is a model for T since o = T o ^("). To 
study the properties of T, it will therefore be sufhcient to understand ZY^"-* (for any conveniently 
chosen n). Abusing notations, we will simply write on A^") instead of o tt^"^. We will also 
identity Y with Y x {0} C A^"). 

The map U is not always mixing for the measure /i^"^: setting 

(3.2) d = rf(") = gcd{r(") {x)\xeY}, 

then U is mixing if and only if d = 1. If rf > 1, let us write, for k G Z/dZ, /i^"-' for the probability 
measure induced by /i*-"^ on the set {{x,i) \ i = k mod d}. Then each measure is invariant 
under W^, and mixing. The measure 7rl"'-'/i["-' is absolutely continuous with respect to fl and 
invariant under T"*. Since T** is ergodic (because T is mixing), this yields tt*"''/!^"'* = /i. 

3.2. The transfer operator associated to U'^^K In the rest of this section, we work on X^^\ 
where N is given by Theorem l2.1l (and fixed once and for all). This theorem will make it possible 
to study the transfer operator U associated to the map U = U''^\ Our goal in this section is to 
use this information to prove Theorem 1 1.71 
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To keep the arguments as transparent as possible, we will assume until the end of the proof, and 
without repeating it each time, that rf^^^ — gcd{r(^)(x)} is equal tel. At the end of the proof, we 
will indicate the modifications to be done in the general case. 

Let us write a function v on X §1 as v{x,io) = T.k&z'Vk{x)e'^'^ , i.e., 



(3.3) Vk{x) = j v{x,u))e 



-ikuj 



where dw denotes the normaUzed Lebesgue measure on S^. liU is the transfer operator associated 

to U, and J is the inverse of the jacobian of U for /i*^^-*, 

Uv{x,<jj)= J{x')v{x' ,J) = J{x')v{x',ui-^{x')) 

lA{x' ^uj') — {x,Lo) U{x')—x 
fcGZ Ux'=x 

In the same way, if J'^"'^ denotes the jacobian of [/", 

(3.4) U''v{x,uj)=Y E j''"\x')vkix')e'''^^-'^-'^^'''^K 

fcfzZ U^x'—x 

Hence, the operator lA^ acts diagonally on each frequency, by an operator 

(3.5) Mlv{x)= Y J^"'Kx')v{x')e-'''^"'t'^'''\ 

U^x'=x 

We will understand separately the action of A4k for each k. Using the induction process, we will 
be able to understand this operator for points x, x' belonging to the base Y of X'^^K We will then 
use this information to reconstruct the whole operator A4k- To do so, let us define the following 
operators: 

(3.6) RnMx)= E J^''\x')v{x')e-"'^"'('^'''\ 



U^x'=x 
eY,Ux' ,...,U"'-^x' ^Y.W^x' eY 



(3.7) Tr,,kv{^)= E J^'^Xx'Hxy- 



-ikS„(j>{x') 



U"x'=x 

x'eY,u"x'eY 



(3.8) An^kv{x)= Yl J^''\x')vix')e-"'^-'^^''' 



U^x'=x 
x'eY,Ux',...,U"-x'iY 



(3.9) Br,,kv{x)= Y J^''\x')v{x')e-"'^-'^^^'\ 



U"-x'=x 
x' ,...,U^-'^x'iY,U"x'eY 

(3.10) Cn,kv{x)= Y J^''\x')v{x')e-'^^"^^'''\ 

U^x'=x 
x',...,U"-x'iY 

The main interest of these definitions is the following. First, cutting an orbit according to the first 
and last time it belongs to F, we get 

(3.11) Mk = Cn,k + E ^a,kTi,kBb,k- 

a+i+b=n 

Moreover, considering all the times an orbit belongs to Y, we obtain 

oc 

(3.12) r„,fe = Y Y ^-^i'*^ ■ • • ^i'"''- 

P=l \-jp=n 

Finally, for ^ e C with modulus at most e^, we have 

(3.13) ^^"i?„,fe^; = £f(^'-'"'^;). 

7l>0 
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The restriction \z\ < ensures that this operator is well defined, by Theorein l2.1l More precisely, 
we even have: 

Lemma 3.1. There exists C > such that, for any n € N, for any /c G Z, 

(3.14) \\Rn,kv\\c^Y) < Cniax(l, |fc|)e-2»^ \\v\\ci(y) ■ 

Proof Let ipn,k{x) = e"*'='S'«'^^(=^) if r^'^^x) = n, and otherwise, so that Rn,kV = C'^{ipn,kv). 
We will show that < Cmax(l, |fc|)e^^'^", which will conclude the proof by (|2.4p . 

We have |V'n.fe(a;)| < e^^"^e^^''*"'(^'. Moreover, if /i e TCn satisfies r'^^ o h = n, we have 

(3.15) \\DiiPn.k o /i)(2;)|| < C\k\r^^\hx) < C|A:|e2^'-'"'(''") < C|/fc|e-2^"e4^'-'"'(''"). 

This proves the lemma. □ 

3.3. Study of the operators r„_fc. In Equation (|3.1ip . the complicated part in the expression 
of comes from T^jt, since the other operators are more or less explicit. This paragraph is 
devoted to the study of the operators Ti^k, by using p.l2p . 

Lemma 3.2. There exist C > and 6 < I such that, for any fc G Z — {0}, for any rt G N and for 
any v G C^Y), \\T„^kv\\ci < Ck^O" Mci- 

Proof For fc G Z and \z\ < e^ let us write Ck,zV = (z''*"''y) = {e-'''^^'''^ z''^"\). Since 
^k,z — '}2z^Rj,k by (|3.13p . Lemma [37T] shows that this operator acts continuously on C^{Y), 
and that z ^ Ck.z is holomorphic on the disk {\z\ < e'^}. Formally, we can rewrite (|3.12p as 
^Tn^kZ^ = {I ~ J2 Rj,kZ-')^^ = (/ — Ck,z)~^- Hence, for any path 7 in C around bounding a 
domain on which / — Ck.z is invertible for any z, we have for any n G N 

(3.16) r„,fe ^^J^ z-"-\i - Ck,z)-^ dz. 

We are going to use this equation as well as the information on Ck,z to estimate T^^k- 

First step. Fix = 1, and let Kq = K{Aq, 1) be given by the second half of Theorem 12. II for 

this value of A. We will first prove the lemma for \k\ > Kq. Let us fix such a k. 

Let \z\ < e'^. The function z'" " belongs to C^°'^ and its norm is bounded by 1. For n G N, we 

can iterate n times (|2.5I) (or rather (|2.7p ) (for M = 1), to obtain 

(3.17) VIA\l^ < W^Ad, < ^'"""^'^ Md, < ^'"""^^ Mc^ ■ 

We wiU then use p.ip . Note that the function ipix) = g,-^ksJ,ct>Y(x) ^r^"'' (x) bounded by 
ger'"'(2;)^ and for h G Ti-N we have 

\\D{i:oh){x)\\ < \k\ ||i?(5^0yo/i)(x)||e^'^'"'(") < C|fc|rW(x)e^'^'"'(") < C'|fc|e2^'^'"'("). 

Letting A = C"|fc|, we have proved that tp G C^'^^ and ||?/;||^a,2e < 1. Applying (12. 4p for n iterates, 
we obtain, for any function w, 

(3.18) \K,zw\\c- ^ c\k\ie'''^- \\w\\^. + e-^- M^..). 

Applying this equation to w = C^.zV and using (I3.17p . we get 

(3.19) 114" HIci ^ C|fc|(0i°"^" \\Q,z4c^ + 0-^"^!"''^" ii^iicO- 

Applying once again (|3.18p but this time to v, we finally get C^^v < C|A:p0®^^" ll'f^llci- 
can argue in the same way for odd times, to finally obtain the existence of C such that, for any 
n G N, t; G C\Y), \k\ > Kq and \z\ < e^ 

(3.20) \\ci^v\\^.,<ck^e*'^-\\v\y. 

This shows in particular that the operator / — Ck,z is invertible on C^{Y), and that its inverse 
has a norm which is bounded by (Cfc^)/(1 — 9'^^^). 
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We can then use Equation ()3.16|) by taking for 7 a circle of radius e^. We obtain 
(3.21) ||T„,fc|| < Ce I |2|-" < CA;2e-"^ 

This concludes the proof for > Kq. 

Second step. Consider now |fc| < K^, k ^ 0. We will show that, for any z with \z\ < 1, the 
operator / — Ck,z is invertible on C^{Y). Since the invertible operators form an open set, this 
implies the existence of e(fc) such that, for \z\ < e^'^'^\ I — Ck,z is invertible on C^{Y). Using a 
path 7 which is a circle of radius e'^^'^-' , we can then conclude as above (without explicit control, 
but since there are only finitely many values of k to deal with this is not a problem). 

Thus, consider z with \z\ < 1. The inequality (|3.18p still holds (its proof does not use > 

i^o). Therefore, there exists C > such that, for any n e N, Cl .,v ^ < 06^°°^'' \\v\\^i + 

C{n) \\v\\^2- Since the injection of C^{Y) in L^{Y) is compact, this is a Lasota-Yorke inequality. 
Hennion's Theorem [Hen93| therefore shows that the essential spectral radius of Ck,z is < 1. If 
I — ^k.z is not invertible, there must therefore exist v G C^{Y) nonzero such that Ck,zV = v, 
i.e., £^(e~''^'^N</'i'^''' '-y) = The operator is the transfer operator associated to the map 
Ty , which is ergodic on Y. Lemma [2.41 applies and shows on the one hand that \z\^'' ' is almost 



V 



everywhere equal to 1 (hence \z\ = 1) and on the other hand that v o Ty = z^ e 
almost everywhere. Raising this equation to the power Kq, we obtain that is invariant under 
the operator Cf.Ko,z'^o- But we have already proved that / — Cf.Ko,z'^o is invertible on C^{Y). 
As a consequence, — 0, and v = 0, which is a contradiction. This concludes the proof for 

|fc|e[l,Xo). □ 

To obtain an estimate on Tn^o, we must also take into account the fact that / — £0.1 is not 
invertible (its kernel corresponds to constant functions), which will add a residue in the integral 
calculus of the previous proof. In the following definition, we introduce a tool which makes the 
computation of this residue possible. We will write D for the open unit disk in C, and D for its 
closure. 

Definition 3.3. Let B be a Banach space, and let Rj be operators acting on B, for j > 0. We 
say that they form a renewal sequence of operators with exponential decay if 

(1) There exist S > and C > such that \\Rj\\ < Ce~^^ . We can thus define an operator 
R{z) ^Y^RjZ^ for \z\ < e^. 

(2) For any z G B — {1}, the operator I — R{z) is invertible on B. 

(3) The operator i?(l) has a simple isolated eigenvalue at 1. Let P = P(l) be the corresponding 
spectral projection, and i?'(l) — "^jRj- We assume that there exists jU > such that 
PR'{l)P = nP. 

Proposition 3.4. Let Rj be a renewal sequence of operators with exponential decay, on a Banach 

space B. Let us define an operator T„ by r„ — X^^i X^jiH hj =« ■ ■ ■ ^ip • '^^^^i there exist 

C >0 andO <1 such that, for any neN, ||T„ - P/^|| < C9'\ 

Proof. For z close to 1, the operator R{z) is close to i?(l). Hence, it has an eigenvalue A(z) close to 
1, with a corresponding spectral projection P{z) (and all these quantities depend holomorphically 
on z). Let us compute the derivative A'(l). 

We will denote with a prime the derivative with respect to z. For any x € B, R{z)P{z)x — 
\{z)P{z)x. Differentiating with respect to z and then multiplying on the left by P{z), we get 
(omitting the variable z) 

(3.22) PR'Px + PRP'x = \'Px + XPP'x. 

Moreover, PRP' = P'^RP' = PRPP' = XPP'. After simphfication, we obtain PR'Px = X'Px. 
For z — 1, PR'P — jiP. Choosing x such that Px 7^ 0, we finally get 

(3.23) A'(l) = /i 7^ 0. 
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In particular, on a small enough disk O around 1, the function z i—> A(z) is injective, and takes 
the value 1 only for z — 1. 

The operators / — R{z) are invertible for z G D — O, hence also for z in a neighborhood of this 
compact set. We can therefore choose a path 7 around going along an arc of a circle of radius 
> 1, and the inner part of dO. It satisfies the equation 

(3.24) T„ = / z-"-i(/ - i?(z))-i dz. 

We modify 7 into a new path 7 which runs along the same arc of circle of radius > 1, and the outer 
part of do. To obtain an analogue of (|3.24p . we need to add the residue of z^'^^^{I — R{z))~^ 
inside O. We have (/ — R{z))~^ = (1 — X{z))~^P{z) + Q{z) where Q{z) is holomorphic inside O 
(whence without residue). The only pole is thus at 1, and we get 

(3.25) T^-^l z—\l - i?(z))-i dz + -i-P. 



2iTrJ^ ' ' " A'(l) 

On 7, \z\ > for some 6' > 0. As ||(/ — i?(z))^^ || is uniformly bounded along 7, the integral 
term is therefore 0(e~"'' ). The remaining term gives the conclusion of the proposition. □ 

We can now come back to the study of the transfer operator associated to and more precisely 
to the operators r„.o, which have not yet been estimated. 

Corollary 3.5. For any function v on Y, let Pv — Jv d^y ■ Then there exist C > and 
6 < 1 such that, for any n G N and any v G C^{Y), 



(3.26) 



<cr||Hlci- 

Proof. We will use the fact that the Markov transformations Ty and U are mixing. Since these 
transformations are topologically mixing (by the equality gcd{r(^)(a;)} — 1 for U), the mixing in 
measure results e.g. from |Aar97( Theorem 4.4.7]. 

Let us show that Rn,Q is a renewal sequence of operators with exponential decay, on the 
Banach space B — C^{Y). The exponential decay of ||i?n,o|| is given by Lemma 13.11 Let 

£0,z?^ = /:^(z'-'"'«) = E ^"^n,0 = i?(^). 

Let us check that I — R{z) — / — £o,z is invertible for z G B— {!}. As in the proof of Lemma [?7^ 
the operators >Co,z (for \z\ < 1) have an essential spectral radius < 1 on C^. If / — £o,z were not 
invertible, there would exist a nonzero function v such that Co,zV — v- Lemma |2 . 41 implies that 
|z| = 1 and voTy = z'''"'u. Let us extend v to the whole space X^^' by setting v{x, i) = z^v{x, 0). 
Thus, the function v is bounded (and therefore integrable), and satisfies v o U = zU . This is a 
contradiction since U is mixing. 

For z = 1, -R(l) = £0,1 simply is the transfer operator associated to Ty ■ It has a simple 
eigenvalue at 1 (the corresponding spectral projection being P), and no other eigenvalue of modulus 
1. Let us compute PR'{1)P. We have 

(3.27) PRnfiPu = fiy{r'^^^ = n}Pu. 

As a consequence, Kac's Formula gives PR'{\)P — (^n/iy{r^^^ — n}) P = fi'-^'>{X^^'>)P. 

We can then apply Proposition 13.41 and get the conclusion of the corollary. □ 

3.4. The exponential mixing. The estimates on Tn.k given in the previous paragraph will enable 
us to describe A4^^ for any k, and then the full transfer operator U. 

For X G X'-^\ denote by h{x) its height in the tower (i.e., if a; = {y,i) with y £ Y and 
i < r(^)(a;), let h(x) = i). We will write C^^^{X^^^ x S^) for the set of functions v : X^^^ x §1 ^ C 
such that d^v/duj"^ is for < i < 5, with its canonical norm. 

Theorem 3.6. There exist constants C > and 9 < 1 such that, for any C^'^ function v : 
A:(^) X §1 ^ C, for anyneN and any (x, lo ) G X(^) X §1 with h{x) < n/2. 



(3.28) 



U''v{x,uj)- / d(/i^^' (g) Leb) 



< \\v\\c..: 
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For the proof, we will need information on the operators Tj_fc, but we also need to describe 
precisely the operators Bi^k (defined in 



Lemma 3.7. There exist 9 < 1 and C > such that, for any k £ Z, v £ C^{X''^'>) and n £N, 

(3.29) \\Bn,kv\\ci <C{l + \k\)e''\\v\\ci. 

Moreover, 



(3.30) 



<cr\\v\\c^. 



Proof. For y let Vn{y) = if r^^^{y) < n, and 
(3.31) 



r-(")(y)-l 



Vn{y) ^ v{y,r^'^\y) ~ n)exp \~ik ^ HvJ) 

\ i=r(")(y)-n 

otherwise. For x € y, we then have Bn,kv{x) = C^Vn{x) since Bn^kv{x) takes into account the 
values of v on the set Zn of points that enter Y after exactly n iterations, i.e., points of the form 
{y,r'^'^\y) — n) with r^-^\y) > n. 

Let us check that the function u„ belongs to C]^^ . First, since w„ vanishes for r*^^^ < n, we have 

(3.32) K{x)\ < l.(«,(,)>„ M^o < e— e-*"'(-) |l«|l^o . 
Moreover, if h e Hn, 

(3.33) \\Div,, o h)ix)\\ < U-^oh>niMc^ + kn M^o) < C{1 + |A:|)ne-^'"e-*"'(''-) M^, . 

Hence, Vn belongs to and its norm is bounded by C(l + |A:|)0" Applying (|2.4p . this 

yields l^^ . 

For (|3.30p . note that J^jLo Iy ^j o^ ^ I ^ since Jy Bj^QV is the integral of v on Zj. Therefore, 



(3.34) 



by 



j=0 j=n+l 



< E \\B,.^^\\c-<c~e-Mc^ 

]=n+l 



□ 



Corollary 3.8. There exist C > and 6 < 1 such that, for any G Z, any n G N, any x <E X^-^"^ 
with h{x) < n/2, and any v G C^X^^)), 



<cii + me-\\v\\c. 



(3.35) M'^v{x) - lk=o J V d/i(^' 
Proof. Assume first that x . Then (j3.11ll simply becomes 

n 

(3.36) Mlv{x) = E T^-^,kB,,kv{x). 

i=0 

If fc 7^ 0, then 

(3.37) \\Tn-^,kB,^kv\\cl < Ck^e^-' m,kv\\ci < C\k\^e"-'9' , 

by Lemmas 13.21 and 13.71 Summing over i, we obtain the desired bound. 
If fc = 0, Corollary [33] gives an additional term 



n n 

E^'S.Wm(^'(^^^^) = E / S.o«dA.W/M(^)(xW) 



^ / t;dM(^VA*^'^n^^'^^) + o(r) - V Afi^''^ + o{r) 



by ([330]) . This proves (p^S]) for x e Y. 
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If X has height j E (0, n/2], let us write x = {x'), so that 
(3.38) MMx) = e~'''^^'^'-^'^Mr'u{x'). 

The estimate for x' gives the desired conclusion (after replacing 6 with ^^/^). □ 

Proof of Theorem \3.6[ Let v : X^^'> x §^ ^ M be a C^'^ function. We decompose it as v{x,u;) = 
Ek&zMx)e''"^ . Then 

(3.39) 



feez 



by dsn]). Therefore, if h{x) < n/2, Corollary [SSI gives 



U''v{x,uj)- / w d(/i(^) ® Leb) 



< 



fe#0 



< 



cY,{l + \k\Ye-\\vu\\c^ 



With 5 integrations by parts with respect to cj, we show that |lwfe||(-;i < C ||f ||(-;5,i /(I + |^|^)- This 
implies the theorem after summation. □ 

Proof of Theorem ] 1.7\ (under the assumption d^^'f = Ij- Let us first show that, on X^^'^ x S-'^, 



(3.40) 



W'v - I V d(/2(^' ® Leb) 



< Cr ||i;||c;5,: 



for some constants C > and 6 < 1. To do this, we decompose X^-'^^ as {a; | h(x) > n/2} and 
{x I h{x) < n/2}. The first set has an exponentially small measure, its contribution is therefore 



exponentially small. If x belongs to the second set, 

This proves (f?^ . 
This implies that, for any functions v G C^'^ and u E L 



U"v{x, LU) ~ J V 



< C9" 



IC5 



1 by Theorem 



(3.41) 



uoW -v d{fL^^^ ® Leb) - (^j u d(/i(^) (g) Leb)^ (^j v d(/i(^) (g) Leb)^ 



< ce^' Ml^ \\v\ 



C5.1 



Take now / e L°^'{X x S^) and g G C"^{X x S^). The functions u = fo ^(^) and go tt^^- ' are 
defined on X^^' x respectively bounded and in C^'^. Moreover, (|3.ip shows that ||f ||(^5,i < 
C\\g\\ce. Since 7rl^^/i(^) = jl, f-mil implies 



(3.42) y / o T" • 5 d(/i (g) Leb) - / d(/i (g Leb) 
Let n e N and f E L°° . The linear operator 

(3.43) g 



g d(/i (g Leb) 



y / o T" • g d(/2 ® Leb) - / d(A «) Leb)^ (^J g d{fi g) Leb)^ 

is then bounded by 2||/||^oo in C° norm, and by C^" ||/||/^oo in norm. For any noninteger 
a G (0, 6), interpolation theory on the compact manifold X x (possibly with boundary) shows 
that there exists a constant Cq such that any operator which is bounded by A in C" norm and 
by B in C norm is then bounded by CaA^-°'/^B°'/*^ in C" norm (see [Tri78| p. 200]). As a 
consequence, we get 



/ o T" • 5 d(/2 ® Leb) - (^J f d(M » Leb)^ (^J g d(/i g) Leb)^ 



<c^\\fh^ 2i-«/6(cr)"/« . 

This concludes the proof of the theorem for noninteger a. The general case follows readily. The 
interpolation argument can also be replaced by an elementary (but less synthetic) convolution 
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argument. The idea of using interpolation theory in this kind of setting was suggested by Dinh 
and Sibony. □ 

Proof of Theorem \1.7\ in the general case. If = d^^'f > 1, the transformation U is not mixing, 
and the arguments used above (especially in the proof of Corollary 13. 5p do not apply any more. 

However, they can be applied to the transformation and its invariant measure /Iq^'* (defined 
in Paragraph 13. ip . As ttI^^/Iq^'* — fi, this implies Theorem II . 71 for times n of the form kd. To 
deduce the general case, one writes n = kd + r with < r < d and applies the theorem to the 
time kd and to the functions f oT^ and g (which are respectively bounded and C"). □ 

3.5. Proof of one implication in Proposition [TTSl 

Proposition 3.9. Let Tp : X x M. be a Holder continuous function of average, and define 

by (jl.lOp . Then > 0. Moreover, if a"^ = 0, there exists a measurable function f : X x , 
continuous on Y X Ei^ , belonging to for any p < oo , such thatip^f — foT almost everywhere. 

This is one of the implications in Proposition 11.81 Theorem 11.91 will be required for the other 
half, hence its proof is postponed to Paragraph l5.6l 

Proof. We have 

(3.44) / y!^°'^') =n / ^^^ + 2 V(n-i) / V^-V-oT*. 
Since X]i>o <ooby Theorem 11.71 this yields 

(3.45) / =n^^ + 0{l). 

As a consequence, > 0. Moreover, if — 0, the Birkhoff sums of ip are uniformly bounded in 
L^. By [Kac96] , there exists an function / with zero average such that ip = f ~ f ° T almost 
everywhere. We have to prove that / is continuous on F x and belongs to every L^, p < oo. 

Theorem 13.61 implies that there exist ^ < 1 and C > such that, for any function v : 
X X §1 ^ C, for any n G N, for any x € X^^' with h{x) < n/2, 



(3.46) 



Z^"(i;o^W)(a;,t^) - v 



Since \U^{v o tt^'^^){x,uj) — J v\ < 2||u||^o, interpolation theory as above implies that, for any 
a > 0, there exist Ca > and 9a < I such that, for any x € X^^") with h{x) < n/2, 



(3.47) 



Zi"(t;o^(^))(:E,cj)- 



<Cj2\\v\\c. 



As ip belongs to C" and has vanishing integral, we can therefore define a function g on 

by 



oo 

(3.48) g{x,Lo) = -ya^\^on^^^){x,u;) 



This function is continuous on K x and belongs to for any p < oo (since |(7(a;,w)| < 
C(l + h{x)), this last function belonging to any because p,''^^{h{x) > 12} decays exponentially 
with n). Moreover, by construction, Ug — g = Ll{tp o n^^^). 

We know that ■0 = f — f °T where f £ L^. As a consequence, -00 7r(^) = /o 7r(^) — / o tt^^^ oU, 
whence Zi(V'o^rW) = U{f o n'-^)) - f o n'-'^K We get 

(3.49) g- fon'^^') ^U{g- fon'^^')). 

In particular, for any n £ N, g ~ f o tt*^^^ — W^{g — / o tt^^^). 

Theorem shows that, for any function v G C^'^(X'^^^ x §^) with zero integral, U^v converges 
to in L'^ . By density, this convergence holds for any function v £ L"^ with zero integral. In 
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particular, Z^"((? — / o #(^)) converges to 0, hence g — f o n^^^ = 0. As g is continuous on F x §^ 
and belongs to all spaces U", p < oo, this concludes the proof. □ 

4. Strategy and tools for the local limit theorem 

4.1. Description of the strategy of the proof. Let us fix an integer M. We work with the 

transformation U = C/(^^) on (hence also with U^'^^) on X^^^) x 

Let V : ^ X §^ ^ M be a function with average. We will also write V instead of 

ip o jj-i'^^) on X^'^^^ X S^. To prove the local limit theorem for tp, we consider for t g R the 

operator ZY( (u) := U{e^*'^'v). If we understand well the iterates oiUf, we will deduce the asymptotic 

behavior of J g^'SnV^ since this quantity is equal to J U"{1). 
Instead of working with functions on 

^(MW) Xgl 

we have seen in the proof of the exponential 
mixing that it is worthwhile to use Fourier series, and work on X^^^^ x Z. If w is a function and 
{vk)kei. denote its Fourier coefficients, then the Fourier coefBcients of e^*^v are given by 

(4.1) {e'''^v)k = 

a+h—k 

Applying then the operator U (which acts at the level of the k frequency by the operator Mk), 
we obtain 

(4.2) {Utv)u{x) = Y, J{x')e-'^^('^'\e''^)k-i{x')vi{x'). 

iez Ux'=x 

This is some kind of Markov operator on X^-'^^^ x Z, for the "transition probability" 

The equality Yl{x' i) ^(x,k)^(x' ,i) = 1 docs not hold, so this is not a real transition kernel, but we 
will nevertheless use the intuition of random walks. Let us in particular write, for n G N, 

(4.4) ^(;,"fc)^(j,/^;) = Yj ^{xn,kn)^{x„-i,kn-i) ■ ■ ■^lx2,k2)^{3'i,ki)^lxi,ki)^{xo,ko)- 

ko=l,ki,...jkn — i,kn=k 

Xq—x'.Xi ,....Xn-l:Xn—X 

In this expression, we consider trajectories of the random walk Xn,Xn-i, ■ ■ ■ ,Xo. It may seem 
unnatural to write things in that direction, but it is designed to give the "good" order when we 
express things in terms of transfer operators. Let K.* be the operator with kernel /C*, acting on 
bounded functions on X^^''^^ x Z, by 

(4-5) IC'v{x, k)=Y ^\x,k)^ix',i)<^'^ 0- 

{x',l) 

By construction, the powers /C*'" of /C* have kernels /C*'". Moreover, Ut corresponds to the operator 
/C* at the level of frequencies, i.e., if w is a smooth function on X^'^^^ x with Fourier coefficients 

ivk)ke2., 

(4-6) iKvUx) = Y '^tx:k)^ix',iM^')- 

(x',l) 

To see that this expression and these computations are correct, we should check that 



< 00, 



(4-7) sup Y \^\x,k)^{x',i) 

(x,fe)ex(MJV) xz (p^) I 

which is always the case if tp is in the direction of (by two integrations by parts), and will 
always be satisfied in the following. A priori, this does not prevent j.-^^/^^, ;) from blowing up 
exponentially fast with n. However, ^*!r"fe)^(2;' i) kernel of the operator obtained by 

multiplying v with e**'^"'^, and then applying W". Therefore, 

(4.8) ^t,k)^ix',i) = lur^x'=xJ^''\x')e-^''-^^^'\e'''-'l')k-i{x'), 
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and this quantity is bounded by < 1. Note that (14. 8p can also be checked directly from 

the formula (|4.4p . with several successive integrations. 

We will let different operators (with kernels related to /C*'") act on spaces of functions from 
-^(MN) X Z to C (or y X Z to C if we only consider trajectories starting from F x Z or ending 
in y X Z). If S is such a functional space, and v € B, we will sometimes write Vk{x) instead of 
v(x, k). 

To understand the previous "random walk" , we will study its successive returns to the set 
Y X [— K] where K is large enough. Indeed, outside of this set, we have a strong contraction 
(by Theorem 1 2. ip hence excursions can be controlled. Only what happens inside Y x [—if, K] can 
therefore be problematic, and we will use there an abstract compactness argument. Let us denote 

^\x k)^{x' I) "probability" of an excursion, i.e., of starting from {x, fc) e F x [—K,K], and 
coming back to {x\l) € F x [—K^K] after a time exactly n, without entering Y x [—K,K] in 
between. Formally, for {x,k) eY x [-K,K] and {x',l) eY x [-K,K], 

Y-t,n,exc \ ^ y-t y-t i-t 

'^{x,k)^{x',l) — '^{x„,k„)^{x„^i,k„-i) ■ ■ ■ '^{x2,k2)^{xiM)'^{xiM)'^{xo,ko)- 

ko—l^...^kn—k 

Xo—x' ,Xi^...^Xji — iGX^Xn—X 

ixi,ki)^Y>^l-K,K] for 0<i<ra 

Let Bk — ®\k\<K C^{Y). An element of Bk can therefore be seen as a function v on X x Z 
such that Vk is for |fc| < K, and Vk — for |fc| > K. We define then an operator i?^ on Bk by 

(4.9) iRiv)kix) = l^^ix'^D-ii^')- 

(x',l) 

For X e y and |fc| < K, let also (Tlv)k{x) = Y.(x' ,i)£Yx[-k,k] ^\x,k)->{x' i-^-' consider 
all the returns of the "random walk" to F x [—K, K] and not only the first ones. This means that 

T^v = ^Yy.[-K,K\^*''^{^Y^[-K,K]v) for V £ Bk- By construction, 

oc 

(4.10) t:,^y. E 

P=l ilH hjp=n 

This is a renewal equation, that we already met in the course of the proof of exponential mixing. 
The main difference is that, for the mixing, each frequency was left invariant by the transfer 
operator, which means we only had to consider random walks on X^^^ and excursions outside Y. 
Here, since there is also some interaction between the frequencies, we have to localize spatially 
(i.e., on y), but also on the space of frequencies since the estimates given by Theorem 12. II are not 
uniform in k. 

The proof will consist in understanding precisely the i?^'s, deducing from that good estimates 
on T^'s, and using these to reconstruct precisely enough Z^". We will thus need two technical tools: 
on the one hand, a tool on perturbations of renewal sequences of operators (we want estimates 
which are precise both with respect to n and t), and on the other hand good estimates on the 
excursions outside of F x [—K,K]. 

Before going on, let us give another expression of /C*'"''^^'^ that will be needed later on, by 
considering the successive returns to F x Z. Let us define a function i/jy : F x §^ R by 

r{x)-l / i-1 

(4.11) IpyiXjUj) = 

It is the function induced by ip and T on the set F x Let us denote by S^i/jy the Birkhoff 
sums of ijjY for the map induced by T on y x For x,x' £ Y and k,l E Z, let A^*^^^,')^^^/ = 
lTMN^,^^J^'^™'^{x')e~''''^MN'l'Y{x')(^^ttsl,^4,Y-^^_^(^^'-^^ which corresponds to the "probability" (for 
the above random walk) of the first return in 1" x Z. Considering the successive returns to 
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y X (Z - [-K, K]), wc get for x,x' eY and k, I e [-K, K], 
(4.12) 



E E 

p>0 A;o-^,/ci,...,fcp-i^[--fC,K],A;p-A; 
xq— a;' ,2:1 ,...,Xp-.iGY.Xp—x 



(S^p - ^p ) ' (^p — 1 7 ^p — 1 ) 



.JC 



(xi,fci)^(xo,fco)' 



4.2. Perturbed renewal sequences of operators. 

Definition 4.1. Let B be a Banach space, and let R* be operators acting on B, for j > and 
t € [—to, to] for some to > 0. These operators form a perturbed sequence of renewal operators 
with exponential decay if 

(1) The operators i?^ form a renewal sequence of operators with exponential decay. We will 
in particular write P and fi for the associated spectral projection and coefficient, as in 
Definition[373[ 

(2) There exist d > and a, C > such that, for all t, t' G [—to, to] with \t — t'\ < a, for any 



.i>o, 



< C\t~t'\e'^K 



(3) Let us write R{z,t) — '^z^R^j for \z\ < . For {z,t) close to (1,0), the operator R{z,t) 
is a small perturbation o/i?(l,0). Therefore, it has an eigenvalue A(z,<) close to 1. We 
assume that, for some a > 0, X{l,t) = 1 — at^ +0(|tp). 

We say that this sequence if aperiodic if, for any {z,t) G (D x [— <o,to]) — {(IjO)}, the operator 

I — R{z,t) is invertible on B. 

Theorem 4.2. Let R* be a perturbed sequence of renewal operators with exponential decay. Let 



(4.13) 



E E 

P=l ilH hjp=n 



Ri . . . i? ■ 



3p' 



Then there exist To € (0, to), < I and c, C > such that, for t G [— tq, tq], for n > 0, 



(4.14) 



t 1 / at^ 
T'n^-[l 



P 



< ce'^ + c\t\{i - ct^Y 



Moreover, if R^j is aperiodic, one also has, for \t\ G [To,io] and n> 0, 



\\Tn\\ < ce^". 

close enough to 0, 



(4.15) 

Proof. If 7 is a path around in 
(4.16) T]^^j^ z-^-\l - R{z, t))-i dz. 

By analyticity, this equality holds true for any path 7 around bounding a domain on which 
I — R{z, t) is invertible for any z. 

Let us first show (|4.15p in the aperiodic case. Let t 0. The operators I — R{z, t) are invertible 
for any z G D. Since invertible operators form an open set, there exists an open neighborhood 
Lt of t, and et > 0, such that / — R{z, t') is invertible for t' G It and \z\ < e^*. Taking for 7 the 

circle of radius e^*, we obtain T- < C(t)e~^^'. If r > 0, the compact set [—to, —t] U [t, to] can 

be covered by a finite number of the intervals It, and we get the following: there exist Sr > and 
Cr > such that, for any \t\ G [T,to], for any j > 0, ||T]|| < C^e"-''*-. This proves (|TT5)) . if we 
can choose r so that (I4.14p is satisfied. 

For (|4.14p . we work in a neighborhood of (z, t) — (1, 0). There exist an open disk O around 1, 
and To > 0, such that, for (z, t) G O x [—To, To], the operator R{z, t) has a unique eigenvalue A(z, t) 
close to 1. Let us also denote by P{z,t) the corresponding spectral projection. These functions 
depend holomorphically on z, and in a Lipschitz way on t. 

We saw in the proof of Proposition l3.4l that A'(l, 0) = ^ 0. Reducing O if necessary, we can 
therefore assume that z ^ \{z, 0) is injective on O (and takes the value 1 only at 2 = 1). 

When t converges to 0, the function z ^ X{z,t) converges uniformly to z 1-^ A(z,0) (with a 
speed 0{t)). Since all these functions are holomorphic, the derivatives converge uniformly with 
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the same speed. In particular, z ^ ^{z,t) takes the value 1 at a unique point j{t) in O, if t is 
small enough, by Rouche's Theorem. Moreover, j{t) 1 when t ^ 0. 
Let us establish an asymptotic expansion of 7(t). We have 

A(7(i), t) - A(l, i) = ' A'(z, t) dz = ' (A'(z, t) - A'(l, 0)) dz + A'(l, 0)(7(<) - 1). 



Moreover, |A'(z,i) - A'(1,0)| < C(|z - 1| + < C{\-f{t) - 1\ + \t\). As A(7(t),i) - A(l,t) = 
1 - A(l,i) = at^ + 0(|ip), we obtain 

(4.17) A'(l, 0)(7(t) - 1) - at' + 0[t') + 0{\tMt) - 1|) + OMt) - 

As A'(l, 0) = ^ ^ 0, this yields -i{t) ~ I ^ at^ / ^l. In particular, 7(<) - 1 = ©(i^). Putting this 
information back in the equation, we finally obtain 

(4.18) 7(t) = l + atVM + 0(t^). 

The operators / — R{z^ 0) are invertible for z e B — O. By continuity, / — R{z, t) is invertible 
for any z in a neighborhood of this compact set, and t close enough to 0, say t G [—tq,tq]. We 
can therefore choose a path 7 around made of an arc of circle of radius > 1, and the inner 
part of do, satisfying (|4.16p for \t\ < tq. We modify 7 into a new path 7 by replacing the inner 
part of do with its outer part. To obtain an analogue of (|4.16p . we should add the residue of 
z-^-^I - R{z,t)y^ inside O. We have {I - R{z,t))-^ = (1 - A(z, i))-ip(z, i) + Q{z,t) where 
Q{z,t) is holomorphic inside O (whence without residue). The only pole is located at ^{t), and 
we obtain 

(4.19) t; = ^J^ z-^-Hi - i?(., t))- d. + ^r^fm. thit)-^-^. 

On 7, we have \z\ > for some So > 0. As ||(-^— ^(^:^))^^|| is uniformly bounded on 7, the 
integral term is 0{e~^"^). For the remaining term, we have pX7(t)~i)-^(T(^)' ^) = a'(i o) ^(^^ Q) + 
0{t). A/Iaking this substitution gives an error of 0(|t||7(t)|"-') = 0(|i|(l - ct^)^), by (jiTSjl . We 
get 



(4.20) 



[I 



Finally, if we replace 7(i) ^ ^ with (1 — cd' j the error is bounded, thanks to (|4.18p . by 

c(i - ci'y ((1 + c\t\y - 1) < c{\ - cey{\ + c|t|3)jj|t|3. 

If t is small enough, (1 - c<2)(l + C\tf) < (1 - ^2/2). Finally, 

^ ^ j|i|3(l - ct'liy < j\t\^{l - ctyAYil - ct^Ay < \t\il - ctyAy -jt'eM-cji^A) 
(4.21) 

<q^|(l-c^V4)^ 

since the function x 1-^ xe~^^ is bounded on M_|_. □ 



4.3. Estimates on the excursions. In this whole paragraph, we fix an integer Af, a constant 
A > 1 and a sequence {■yd)d£Z with 7^ e (0, 1] and 7^ = 0(l/|fc|^) when d ±00. 
We then choose an integer K such that 

(4-22) y\d\>K/2, ^,<^_2__, 
and 

(4.23) K > i^(yl, M) given by Theorem O 
and 

(4.24) Vn > 1, 2^^" - 1 - n/2 > 2*^"/i^. 

Let fc = (fco, ki, . . . ,kj) be a sequence of integers. We say that this sequence is admissible if 
\ki\ > K for any i E (0, j). We say that it is strongly admissible if, additionally, \kj\ > K. We will 
denote by di — ki ~ fci_i the successive differences. 
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Lemma 4.3. Let k = (/co, ki, . . . , k.j^^) he a strongly admissible sequence. Let ipi, . . . , ipj^^ he func- 
tions from Y to C, and let ei, . . . , helong to [0, 1]. Assume that \\%pi\\^A,3e < Sijdi- 

Let :Y ^ C, define a sequence of functions hy induction, by — C^^.^ {tpiv'^^^). Then 



Jo \ 

(4.25) Wv'^W^, < (Jl^^^Tj (^''°'"'"' VWc^ ■ 

Proof. We will use the following "virtual heights" 

(4.26) A = max(|A;,|, |A:,_i|/2^, . . . , |fco|/2^'). 

Their interest is that we will be able to control by induction the Dolgopyat norms ||''^'||^^ (while 

this would not be possible for the norm 1?^. if the jumps are too large). 

If l^il > /3i_i/2*^, we have (3^ = Then, by Theorem [Q (and more precisely (EUl)), 

II ill WrMNr I ^ n^OOMN \\ , ii || i-l|| ^/jlOOA/A'^ || i-l|| 

FIId^, = Ffe. )\\d,^^^ U^\\ctilA\^ \\d,m,^-^ ^^T-^-F \\d,^_^- 

Otherwise, A = /3j-i/2*^ > \hl and (using (j^ ) 
(4.27) 

In both cases, we have similar equations, with a large gain or a small loss. 
Let us show by induction on i that 

(4.28) \\v%^^ < ^looM^V., . . . e.ij,, . ..^a.f"' V\\^^^^ , 

the result being clear for i = 0. 

Assume that the result is proved up to i — 1, and let us prove it for i. li [3i = \ki\, 

(4.29) ll^^ll^ < 0^"°*'^e.7d. < e^°""'^£.(7rfJ'/'" Ih'-i^ 

since 7d < 1 for any d ^ "L. The inductive assumption concludes the proof. 

li Pi > \ki\, consider l the last time before i for which jS^ = \k^\. Iterating (|4.27p up to i, we get 

(4.30) ||z;'||^^^ <£.... e.+m...7d.,,0-*^^(^-'MMz.,^- 
Moreover, f3i = /?t/2*^'^*~'\ and (3i > K since k is strongly admissible. Hence, 

(4.31) + • • • + \d,\ > \K - h\ > (2*^(*-^) - 1)A > (2*^(*-') - l)K. 

Write J for the set of indexes a e (i,i] for which \da\ > K/2. Then Y..j M^l > (2*^(^-'^) - 1 - 
[i ~ l)/2)K. By ^M), we therefore get J2j \da\ > 2*^(*-^). By gHH), 7^ < 1/(1 + \d\) for any 
|<i| > K/2. We obtain 

h.....T...)"-<n-'rsn7rT4T/ ' ' 



(l + Ma|)V10 Vnaej(l + Ma|) 



By TheoremEU 9^^^^ > 2-1/10. As a consequence, 2-^^(^-')/io < 6/lOlMA^(^-.)^ Hence, we obtain 
from (j4:30ll 

Using the induction assumption at i, we get (|4.28p at i. This concludes the induction and the 
proof of g2Hl). 

From (|4.28p at jo, we obtain in particular 

(4.32) < ^loo^-^^^o,^ . . .,^.^(^^^ . . .^,^j9/io ||^o||^^^ _ 
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As < this concludes the proof. □ 



Lemma 4.4. There exists a constant C (depending on M, A, {7^}, i^) satisfying the following 
property. Let (/cq, ki, . . . ,kj) be an admissible sequence. Let tpi, . . . ^tpj be functions from Y to C, 
and let El, . . . ,Sj belong to [0, 1]. We assume that \\ipi\\^A.3s < Sijdi- 

Let w'^ : y — > C, define a sequence of functions by induction, by = C^^^ {^iV^~^). Then 



(4.33) 

Proof. We write jo — j/2 or {j — l)/2, depending on whether j is even or odd. 

Let ipi = e~'''^'^MN't'y-^.^ go that = C'^'^^ {ip,v^~'^). We have \ipiix)\ < eiTd.e^'^'''''''"^^) and, 
for h E Hmn, 

\\Di^, o h){x)\\ < \\Di^, o h){x)\\ + \h\ \\D{Slir^(j)Y o h){x)\\ \Mhx)\ 

< Ce.7..e3-<""'(''^) + C\h\r('''^Hhx)e.^,^e'^^'"'"('^^^ 

for some constant C > 1 depending only on M and A. Let B = Cmax|fci|, this shows that 

||(^i|Li3,4e < £i7di. 

We can apply (|2.4p between the indexes 1 and jo , to get 



< C(max|A;,|) {f[^^"fd^ (qIOOMNjo y\\^,+0 

< ce-^'^^o (n^^'^'') "''"llc^ ■ 

Applying (|2.4p between the indexes jo + 1 and j, we obtain 

\\v'\\ci < C(max|A:,|) I f[ eacU ) (^loo^^^W"^") +r 



AfWO-jo) 11, JO II 



We will use the bound on ||?^'""' given by the previous equation, and the bound on ||'''"'° ||2^2 
from Lemma 14.31 (if jo — 0, this lemma does not apply since the sequence (fco) is not necessarily 
strongly admissible, but the estimate ()4.25p is trivial in this case). We obtain: 

h'Wc- ^ ^ ( ri^'^* ) ^'°*''^^'(max|A:,|)2 



i=l 

/ 3a 



+ ^ n^^^r n e.7..|(max|fc.|)04«*^^^P||^, 

\i=l / \J=J0+1 



<C'04OM7V,(^nax|fc,|)Mn^.7': 



9/10 \ II 01 



Assume first that max|A:i| < 2(|/co| + j^)- As 04:OMNjj2 < (jgsaMNj ^ obtain the conclusion of 

/ \9/10 / . \l/3 

the lemma (by bounding directly (Hi^i 7rfi ) ^y (11^=1 7<ii ) )■ 

Assume now that max \ ki\ > 2{\ko\ + jK). We have |fco| + > max \ki\. Denote by J the 

set of indexes > 1 for which \di\ > K. Then 

(4.34) ^ |c;,| > max|fc,| - |A:o| - jK > max|A:i|/2. 
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By (1422)1 . 7d < 1/(1 + for any \d\ > K. We get 



17/30 



< 



17/30 



< 



Finally, 



9/10 



17/30 



(max|fc,|)M n 



Id, 



\h\f(\{ 



Id, 



^i=l 



< 4/(max|fc,|)^ 



1/3 . ^. . 1/3 



This yields again the conclusion of the lemma. 



□ 



5. Proof of the local limit theorem 



We fix a function ip : X 



with vanishing average, and a real number to > 0. We 



will study the operators % :— T{e'^*^-) for \t\ < to. We will first choose M, A, a sequence 7^ and 
an integer K so that the results of Paragraph 14.31 apply. All these choices will depend on tp and 

to. 

5.1. Choosing the constants. Let ipy be the function defined in ()4.1ip . There exists a constant 
C{ijj) such that iPy{x,i-ij)\ < C {tp)A"''> (x) . More generally, as T is an isometry in the fiber 
direction we even have 



(5.1) 

In particular, for any \t\ < to, 
(5.2) 



<C(?/')r(")(x). 



<c{to,i>y-\xY 



Let us denote by i^j"'*^ the d-th Fourier coefficient of e**"^" '''^ in the circle direction. Making 4 
integrations by parts in the circle direction and using the previous equation yields 

There also exists C{n,to,'il') such that, for any h € 7i„, 



(5.4) 



DiF^'^'^K h)ix) <C(n,io,V')^YTMF 
We fix once and for all an integer M such that 



>{hx) 



(5.5) 

and 
(5.6) 



q20J\/A' 



mm ( 1, - 

del. ^ 



C'{to,yj)Y^' 



\d\' 



< 



< 1/4. 



Let 7d = min ( 1, 



By (|5.4p . we can then choose a constant A such that 



(5.7) 



F. 



{MN,t] 



< Id 



for any d € Z. Finally, we choose K satisfying (I4.22p - (|4.24p . 

All the constants C we will consider until the end of this section may depend on M, A, {7^}, K. 
We will work on the space X^'^^\ with the map U = U^^^\ to prove Theorem [HI for t e 
[—to, to]. We will freely use all the results that we proved in Section [3] Formally, we proved these 
results for X^-'^\ but the same arguments hold verbatim in X^^'^^K 
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As in the proof of Theorem \1.7[ we will assume until the end of the proof that d^^^^'f ~ 1, i.e., 
jji^^N) ig mixing. Only at the end of the proof will we give the modifications to be done to handle 
the general case. 

5.2. The renewal process. As in Paragraph 14.11 let us define a space Bk = ®\k\<K ^^)' 
endowed with the norm of the supremum of the norms of the different components. We will 
see an element v of Bk as a set of functions {vk)\k\<K where corresponds to frequency fc, and 



then ||f llg^ = supn,|<;^ ||ufe||pi. We will also write 



\c° 



SUp||Ufe||co. 



For z e C, t € [— ioi^o] and k = (fco, 
operator on C^{Y), by 



,kj) an admissible sequence, we formally define an 



(5.8) 



) p{MN,t) ^MN r 



(MN) [MN.t) 



V). 



Intuitively, this operator applies to a function of frequency ko, and gives a function of frequency 
kj. If K is a Banach space of functions from F x Z to C, it is therefore more natural to consider an 
operator Ql.{z) from B to B, defined by {Ql.{z)v)k = if k ^ kj, and {Ql.{z)v)kj = Ql.{z)vkg. This 
applies for instance ii B = Bk (and \ko\ < K, \kj\ < K). We will occasionally use the operators 
Q*i.{z), but the technical estimates will be formulated in terms of Ql,{z). 

Lemma 5.1. The operator Q\{z) acts continuously on C^iY) for any t G [— to,^o] md any 
\z\ < e^^, and its norm is bounded by C(l + kQ)9'^^^^^^ 11^=1 1]/-^ ■ Moreover, the map z i-^ Q\{z) 
is holomorphic from {\z\ < e^^} to End(C^(y)) the set of continuous linear operators on C^(Y). 
There exist a > and C > such that, for all \t — t'\ < a, for any admissible sequence k. 



(5.9) 

Finally, if \t\ < a, 
(5.10) 



Ql{z)-Qi{z) 



End(Ci(Y)) 



<c\t~t'\{i + kl)e'"'^'^^l[j'. 



1/3 



Qliz) < C{1 + kl){C\t\)*^^ I '^.^Ol^^OMAT, -Q^v 



1/3 



Proof. To estimate the norm of Q\{z), we use the estimate given by Lemma 14. 4| taking £i — 1 



and V, = z'-'""Vi™). 



If \z\ < e^, we have ||?/'; 



< F. 



(MN.t) 



< 



Id, 



We obtain 



End(Ci(y)) 



1=1 



2e 



each function '0il^(MN)>„ tends to in C^[^ when n tends to infinity. As a conse- 



(5.11) 
If \z\ < e 

quence, z i-^ Qki^) ^ uniform limit of polynomials on any compact subset of {\z\ < e^*^}, and is 
therefore holomorphic there. 

To prove the rest of the lemma, we will use the following inequality (which can easily be proved 
by 4 integrations by parts): there exists C > such that, for any t, t' e [—tQ, to] and for any d ^ "Z, 



^{MN,t) 



F. 



(MN,t') 



(5.12) 

To prove (|5.9p . let us write Q\[z)v — Q\ [z)v as 



<C\t-t'\^d. 



F. 



{MN,t')^^MN 



b=0 



db-l 



>V)...). 



Fix b. To estimate the corresponding term in this equation, we will again use Lemma 14.41 Let 

ipi = z^^ ^ pi^'^^^t) i ^ l)^ = z'''^ ^ pi^i^'t ) 2 <^ b and ij^b — z 



-F, 



)■ 

Let also Si = 1 for i ^ b. Then V'jj^i satisfy the assumptions of Lemma [4.41 for i ^ b. Let finally 



^(MN) fMN,t) 



{MN,t') 
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Eb — C\t' — t\ (where C is as in (I5.12|) ). If t' is close enough to t, we have < 1, and the 
assumptions of Lemma 14.41 are again satisfied by (|5.12p . 
Using this lemma, we obtain (after summation over b) 



(5.13) 



Ql{z)v - Qi{z)v < dj + l)\t' -t\il + kl) ^7^^' \W^\c^ 



Finally, to prove ([FT^ . note that f''J^'^'°^ 



t' — gives 



F, 



{MN,t) 



^ -^^0) — if d ^ 0. As a consequence, (j5.12p applied to 
< C\t\^d- We can therefore apply Lemma ITU to = 1 if di = 0, and 
= C\t\ if ^ 0, to obtain ([SlU]) . □ 

Let us then define formally an operator R{z,t) on by R{z,t) — X^QIX^); where we sum 
over all admissible sequences k with j/col 5: ^ ^^nd \kj\ < K, i.e., 



(5.14) 



iRiz,t)v),^Y. 



E 



\ko\<K 

-i^k) adn 



liblc 



The coefficient of z" corresponds to considering the first returns to y x [—K, K] after a time 
exactly n. By (|4.12p . this is exactly the operator i?^ defined in (|4.9p . Using the estimates in 
Lemma 15.11 our next goal is to prove that the operators i?^ satisfy the assumptions of Theorem 
14.21 Indeed, this theorem will thus provide us with a good estimate for (defined in (I4.10p ). 
which is the main building block oiUJ\ 

Lemma 5.2. The formal series R{z,t) defines an holomorphic function on the disk \z\ < e^^ , 
uniformly bounded m i G [— ^Oi ^o]- In particular, there exists C > such that, for any t € [—to, to], 



for any n € N, for any v € Bk, ||-R„w|le^ 
Moreover, 



< Ce- 



(5.15) 



\\Riz,t)v-Riz,t')v\\^^<C\t~t'\\\v\\^^ 



In particular, for any n d N, for any v e Bk, 



Riv-Riv 



<C\t-t'\e--^\\v\\^^. 



Proof As 0^°^'^J2dei."fd < 1' estimates given by Lemma 15.11 are summable. This directly 
implies the lemma. □ 

Lemma 5.3. There exists a constant C such that, for any z with \z\ < e^*^, for any t G [— fo,io]j 
for any v G Bk, 



(5.16) 



\Riz,t)vl 



<l\\v\ 



C\\v\ 



c° 



Proof. Fix an integer P. We define a truncated series R{z, t, P) by summing as in R{z, t) along 
admissible sequences k = (ko,ki, . .. ,kj), but with the additional restrictions sup|fci| < P and 
j < P. When P tends to infinity, R{z,t,P) converges (in norm) to R{z,t), uniformly for (z,t) G 
{|z| < e^^} X [—to, to]. We will show that, for any P G N, there exists C{P) such that 



(5.17) 



\R{z,t,P)v\ 



i3K ^ 3 ll^lle. 



CiP)\\v\\co 



This implies the desired result, by choosing a large enough P. 

Let k be an admissible sequence of length j > 0. Iterating j times the equation ()2.3p (applied 
to the functions ipi — z^^ 'g-^fciSa/N'^-i'^j*^^'*')^ we obtain a constant C(fc) such that, for any 
veC\Y), 



(5.18) 



QUz)v < 0^"°*'^^" (ll^dA \\v\\c^ + C{k) 



\i=l 
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The operator R{z,t,P) involves only a finite number of admissible sequences. Denoting by C{P) 
the sum of C(fc) over these admissible sequences, we obtain for any v e Bk 



by (HH). □ 

Corollary 5.4. For any t G [— io: ^o] o-^d for any \z\ < e^^ , the operator R{z, t) acting on Bk has 
an essential spectral radius bounded by 1/2. 

Proof. This is a consequence of Hennion's Theorem |Hen93| (or more precisely of the version 
without iteration of this theorem given in |BGK06[ Lemma 2.2], since the operator R{z,t) is a 
priori not continuous for the C'^ norm). □ 

Definition 5.5. Let iIj : X x §^ R be a function. We say that it is continuously periodic if 
there exist a > 0, A > and / : X x §^ — > R/AZ measurable such that ijj — f — f oT -\- a mod A 
almost everywhere, and f is continuous on Y x §^ . Otherwise, we say that ip is continuously 
aperiodic. 

Proposition 1 1 . 1 01 savs that aperiodicity and continuous aperiodicity are equivalent. However, 
we will be able to prove this equivalence only at the complete end of our arguments. Until then, 
it will be more convenient to work with the notion of continuous aperiodicity. 

Proposition 5.6. For any z G D — {1}, the operator I — R{z,0) is invertible on Bk. Moreover, 
if the function ijj is continuously aperiodic, the operator I — R{z,t) is invertible on Bk for any 
(z,t)e(Dx[-io,io])-{(l,0)}. 

Proof. Let \z\ < 1 and t G [—to, to]. If the operator / — R{z, t) is not invertible, its kernel contains 
a nonzero function v = {v-k, ■ ■ ■ , vk) by CoroUarv 15.41 Let us define a function v^, for |fc| > K , 
by 

oo 

p—l k—(ko,ki ,...,kj-i,k) admissible 
\ko\<K 

Lemma 15.11 implies (after summation over the admissible sequences) that X^feGZ ll'^'sllci ^ 
Moreover, for any A; G Z, 

(5.19) Vk^2^Cf, {z 'vi). 

This equation is indeed a consequence of the construction of the Ufe's if |fc| > K, and of the fact 
that w is a fixed point of R{z, t) if |fc| < K. 

Let us define a continuous function g on y x §^ by g{x,uj) = 'Ylikez'^k{x)e'^^'^ . As v is nonzero, 
g is also nonzero. The invariance equation (|5.19p translates into the following for g: 

(5.20) Ziy(z'-<""'e^*^-«'^-5)=3, 

where Uy is the transfer operator associated to the map which is induced hy U = ^(*'^^) on Y . 
Lemma [2.41 vields \z\ = 1 and g o Uy = e''*^'^'^^^ z'^'' '5. Let us extend g to the whole space 
XiMN) ^ gi setting 

(5.21) g{x,i,LS) = z^g{x, 0, uj) exp j it -0 o W (x, i 

\ i=o 

This function is bounded (since g is bounded on Y\ nonzero, and satisfies goU — ze^^^g. 

If i = 0, we obtain g oU ^ zg. But the map U is mixing (this was proved in Theorem 13.61 and 
m aSAi} forZ^W, the same proof holds for U'-^'^^^). As a consequence, z = 1. 
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If t 7^ 0, let / : X §1 ^ M/27rZ be the logarithm of .g, and let a be such that z = e"'". 

Then # ° ^ f oU - f + a mod 27r, and / is continuous on F x §i c x §i (we 

have reintroduced the projection the notations since we will soon be confronted to lifting 

problems). In general, / is not constant on the fibers of 7r(^^^), and can therefore not be written 
as / o 7r(*^^) in M/2nZ. However, since the fibers of tt'*^^) are countable, [Gou05[ Theorem 1.4] 
shows that there exist A of the form 27r/n for some integer n, and f : X x ^ M/AZ, such 
that f = f o Tri^^'^) mod A almost everywhere. As a consequence, t^p — foT— f + a mod A, 
and / has a continuous version on y x S-"^ (since this is the case for /). Hence, tp is continuously 
periodic. □ 

Lemma 5.7. The operator i?(l,0) has a simple eigenvalue at 1. The corresponding spectral 
projection is given by {Pv)o = Jy^o d/iy, and {Pv)k = if k ^ 0. Denoting by R'{z,t) the 
derivative with respect to z of R{z,t), we have PR'{1,0)P = ^(*^^) (X(*^^))P. 

Proof. We have (i?(l, 0)v)k = 'C^^^Wfc, it is therefore sufficient to know the spectral properties of 
the operators C^^^ (for |fc| < K) to conclude. For k 0, there operators have a spectral radius 
< 1, while for fc = there is a simple eigenvalue at 1, the corresponding eigenprojection being 
given by integration (as we saw in the proofs of Lemma [3.21 and Corollary 13. 5p . This yields the 
desired formula for P. 

As PR°P = ^y{r(*^^) = j}P for j > 1, we have 

(5.22) Pi?'(l,0)P = ^ = j}P = fi'^^'^\X<^^'^^)P, 

by Kac's Formula. □ 

5.3. Estimate of the perturbed eigenvalue. In this paragraph, we prove the following estimate 
(which is necessary to apply Theorem 14. 2p . 

Theorem 5.8. Denote by A(l,t) the eigenvalue close to 1 o/i?(l,<), for small t. Then 

(5.23) A(l, t) - 1 - ^^(^'^){X^MN)^^ ^ 0(^3)^ 

where is given by (jl.lOp . 

The proof will take the rest of this paragraph. We will write R{t) and X{t) instead of R{l,t) 
and A(l,t), since we will only consider z — 1. 

Let /* be the eigenfunction (in Bk) of R{t) for the eigenvalue X{t), normalized so that / /q = 1 
(this is possible since / /o = 1 and /* converges to /° in Bk)- Note that f^ — f^ + 0{t) and 
X{t) = 1 + 0{t) (since R{t) = R{0) + 0{t) and the simple isolated eigenvalues, as well as the 
corresponding eigenfunctions, depend in a Lipschitz way on the operator). Moreover, fg — 1, and 
/o = for /fc 7^ 0. 

Lemma 5.9. We have X{t) = 1 + 0{t'^). 

Proof. We have (i?(i)/*)o = 'I2Qki^)fko '^here the summation is over the admissible sequences 
k = (fco, . . . ,kj) with \ko\ < K and kj — 0. If j > 2, there are at least two nonzero differences 
di = ki — fci_i, and the sum of the corresponding terms is therefore bounded by Ci^, by ()5.10p . If 
j = 1 but fco ^ 0, the difference is nonzero, which gives a 0{t) factor. As /^^ — 0{t), the resulting 
term is therefore also 0{t'^). It remains (P(0/*)o = Q(o o)(l)/o + 0{t'^). As R{t)f* = A(t)/* and 
J /q — 1, we obtain after integration 

I Q\o.om'o + o{t')^ I /:^^^(p(™V^) + o(t^) 



s^*^A'«'^^(="'")/o(a;) + C'(t2). 
As //o = 1, we get 

(5.24) X{t) = 1 + / [e'^^MN^^ _ - 1) + / [e'^^MN^^ - 1) + ©(i^). 



LOCAL LIMIT THEOREM AND FAREY SEQUENCES 



31 



Since fo^ff)+ 0{t) = 1 + 0{t), the first integral is 0{t^). For the second one, 

(5.25) / (e^t^MiVAi- - I) = it ( Sl^j^^py + 0{t^) = MNit [ V + 0{t^) = 0{t^) 

since J ^ 0. This finally yields X{t) = 1 + 0{t'^). □ 

Define a function gk on Y by gkix) ~ J Sj,fNipY{x,Lo)e~'^'^'^ duj. 

Lemma 5.10. The function gk belongs to C]jj%- Moreover, there exists a constant C > such 
that, for any small enough t and for any fc G Z, 



(5.26) 

Proof. Write 



^fe — tfc=o — ^tgk 



< 



ae_ 



Jv=0 \Js^ J 



This gives (|5.26p after 4 integrations by parts with respect to ui. □ 
Lemma 5.11. For any \k\ < K, we have in C^{Y) 

oo 

(5.27) fi = ft + *i ^ ^"(5.) + Oi^). 

n=l 

Note that gk belongs to C]^j]^, which implies that gk G C^{Y) by Theorem [TT] The series 
J2neN^¥^"'^k^^ 9 is therefore convergent in C^(V): for A; ^ 0, the spectral radius of C^^^ on 
C^(F) is < 1 and the convergence is trivial. For fc = 0, there is still exponential convergence for 
functions with zero average, which is the case of go because / '0 = 0. 

Proof of Lemma V5.11\ As \{t) = 1 + 0{t^), we have 

f^^m!_ji^oit)^mii_mii^oit) 

= {R{t) - R{0))ll—I^ + R{Q)ll—ll + ^M_]MfO + o{t). 
Since R{t) - R{0) = 0{t) and f* - f" = 0{t), we obtain 

(5.28) (/_ j^(o))Z!_/!= -^(^)-^W /0 + oft). 

The operator R{0) simply acts by {R{Q)v)k = -Cf^Wfc- Let us study {R{t)f°)k = EfcQUl)!- 
where k is an admissible sequence beginning by and ending by fc. If the length of this admissible 
sequence is at least 2, there are two nonzero differences, and we obtain a term bounded by O(t^). 
Hence, 

(5.29) {R{t)f\ = QloM^)l + Oit^) = £f ^(Fi^^^^*)) + 0{t^). 
Ci(i^) 

(5.30) (i?(i)/°)fc = lfc=o + it^f ^fffe + 0{t^) - (i?(0)/")fe + *t/:f ^.gfc + 0{t^). 

Let /ifc = Tlinyo^k^^^dk- Denote by h the corresponding clement in Bk, so that the fc-th compo- 
nent of (/ - i?(0))/i is equal to Cf^gk- The equations (fS?^ and (fOn]) imply that 

(5.31) {I~R{Q))(^-—^~ih\=0{t). 



Applying Lemma [5. 101 and using the fact that C^^^ is continuous from C\f^ to C^(Y), we get in 



t 

As I — i?(0) is invertible on the set of elements v of Bk with J vo =0, this shows that (/* — f^)/t — 
ih — 0{t), which is the desired conclusion. □ 
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Let Uy be the map induced hy U ~ ^(*^^) on F x The associated transfer operator Uy 
acts on each frequency k by C^^^ ■ From the spectral properties of the operators Cf.^^ , we obtain 



the convergence of the series 

oo „ 

— 1 Jy 



(5.32) 



Lemma 5.12. We have \{t) = 1 - + 0{t^). 

Proof. Let us estimate (i?(t)/*)o- We have 

l^\k\<K k—{k,ki....,kj--i.Q) admissible fc— (0,A:i , . . 1 ,0) admissible 

In the first sum, ff. — 0{t). If there are two nonzero differences in the admissible sequence fc, we 
therefore obtain terms bounded by 0{t^) by (|5.10p . In the second sum, we also get 0{t^) unless 
there are at most two nonzero differences, which is possible only for the sequences k = (0, 0) and 
k = (0, £, 0), where £ is repeated a number of times, say j, and \£\ > K. Hence, 

{R{t)f%^ Y: /:*^^(^^11'"''*VD + /:^^^(^^o^™V^) + E^?(o,a^ 

i<|fc|<i<: 

We have 

(5.33) Q|o/,...,^,0)(l)« = ^MN^piMN.t)^MNpiMN.t)^MN cf^(^F^MN.t)^t^ y 

As there are two nonzero differences in these admissible sequences, the contribution of these terms 
to R{t)fl is 0{t^). Moreover, Fq^'^'*^ = l + 0(t). If we replace F^^^'*^ by 1, we get an additional 
error of 0(i) in each term. It can be checked as in the proof of (|5.9p that these errors are summable. 
In the same way, /g may be replaced by 1 since the error is 0{t). We get 

l<\k\<K 

j>o \e\>K 

For \e\ > K and j > 0, we have Cf^'v < C(l + e)e^^MNj for any function u, 

by Lemma 14.41 Hence, ()5.26p enables us to replace f'^^^'^'*^^ and f'^^^'*^ respectively with itgi 
and itg^i, the additional errors being summable and giving a term of order 0{t^). Using also the 
estimates on fl of Lemma 15.111 we obtain 

m)f)o = -t' E Y^"'"'i9-kcr''9k)+c''''iF!,'''''^f^) 

l<|fc|<_fS' n>0 

\i\>K3>f) 

To estimate C^'^ {F^^"^''^ fl), we write, in C^/jy, 

(5.34) F^^''''^'\x) - 1 + itg^ix) - ^ / Sl^i^yix^uf dio + ©(i^). 



LOCAL LIMIT THEOREM AND FAREY SEQUENCES 



33 



Consequently, by Lemma [5. Ill and since J Jq — 1, J go — 0, 



Jy ^ Jy -/gi 

°° r f'^ r 



lY ^ JYxS^ 

Finally, as X{t) = Jy X{t)f^ (i?(t)/*)o, we obtain 

+2 



(5.35) X{t) = 1 - ^ / SUi^Yix, - E E / "^"Sfe + Oit'), 



and the sum is absolutely converging. To conclude the proof, it is therefore sufficient to show that, 
for any n > 0, 

(5.36) J2 I .9-fc^™.9fe - / ^MA^V-y • Sl^i,YoU^. 



fcGZ ' 



We have 



Y 



SjiN'^Y{x,uj)e~''^'^ duj] A^y{x). 



9k 



Let w' = a) — X]j=o^ ^XiN't'Y ° U^{x), so that the previous formula becomes 
(5.37) 



g_fc/:r^'"fffc - ^I^^Vy °Z^?(.^,c.')e'"" j 5l,^Vy(^,c.)e-*^'^ dc.j d^y(x). 

For any u,v E L'^{Y x S^), we have 

(5.38) / uv^y^fff u{x,Lu')e''''^' duj') ( f v{x,u;)e-''''^ dcu] dfiYix), 

where the series on the right converges absolutely. This is simply Parseval's equality in each fiber 
integrated with respect to x. Together with (|5.37p . this yields (|5.36p and concludes the proof 
of the lemma. □ 

Lemma 5.13. We have ^2 = ^(MA^)(X(*^^))cr2. 

Together with Lemma I5.12[ this concludes the proof of Theorem 15.81 

Proof. We will show that 

(5.39) a^= f V' d{p(^^''^^ <E) Leb) + 2 V / V • V' ° d{^i^^'''^ <E) Leb). 



Since /x^^^^' projects on ijS^^\x''^'^'^^)jl, this will imply the result of the lemma. 

It is easy to convince oneself of (|5.39p by expanding the expression of SJjj^i/jy in and then 
gluing back together the different pieces to get the right member of (|5.39p . However, this process 
involves series which are a priori not convergent, which is a problem. We will therefore do the 
computation in a different way, inspired by }Gou04al Proposition 4.8]. 

Let us define a function c on X^-^'-'^'> x by c = X^J^i ^"("0)- This series converges by Theorem 
13.61 and defines a function belonging to LP(X^*^^^ x S^) for any p. Moreover, c = Uip + Uc. Let 
a be the restriction of c to Y. The previous equation implies that a — UySJjj^'iPy +Uyci- As a 
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consequence, the function a = a — j a is equal to J2'^=i^Yi^MN''pY) (and this series is indeed 
converging, since J Sj^j^ipy =0). In particular, 

(5.40) a^^ f iSlij^i^y)^ + 2 / Slij^^Y f {SlM^ + 2 / Slj^i^y ■ a. 

JYxSi JyxS^ JyxS^ JyxB^ 

The explicit relationship between a and c then makes it possible to show (as in the proof of 
|Gou04at Proposition 4.8]) that this quantity is equal to J^(mn) xgi (^^ + 2-0c), which proves (|5.39p 
given the definition of c. □ 

5.4. Reconstruction of U]^. Let us assume from now on that > 0. 

We proved in the previous paragraphs that the sequence i?^ is a perturbed renewal sequence 
of operators with exponential decay, in the sense of Definition 14.11 and that it is aperiodic if 
the function ip itself is continuously aperiodic. We can therefore apply Theorem 14.21 and get the 
following estimate on T!* (defined in (14.10|1 ): 

Proposition 5.14. Let P be the operator on Bk defined in Lemma \5.T\ There exist tq > 0, c > 0, 
C > and 9 < 1 such that, for any n G N, t G [^tq, tq] and v G Bk, 



(5.41) 



< c(r + \t\{l-ct' 



Moreover, if ip is continuously aperiodic, we also have for any \t\ G [ro,to], 

(5-42) \Kv\\^, < \\v\\^^ . 

We recall that T* is also given by T^v = Iyx[~k.k]^^'^{^yx[-k,k]1>)- As we have a good 
control on JC* outside y x [—K,K], the information given by Proposition 15 . 141 will therefore make 
it possible to reconstruct precisely Ai*'". As a first step, we will estimate P^v := 1yxz^^'^{^yxzv)- 
As in Paragraph l3.21 we thus define operators A^, i?^ and using the kernel /C* along trajectories 
of the "random walk" of length n, starting and ending in y x Z, with the following additional 
restrictions. For the operator A^, we only sum over the trajectories that enter in y x [—K, K] after 
a time exactly n, for the operator i?^ over the trajectories starting in y x [~K, K] and staying 
out of it for the next n iterates , and for the operator over the trajectories spending all their 
iterates outside of y x [—K, K]. Formally, for n > 0, 

p>0 koe[-K,K],ki,...,kp^i,kp=k^[-K,K] 

and i?^, are defined in an analogous way. 
By construction, the operator P^ satisfies: 

(5.43) ^'^ = C'*+ "^'aTlBl 

as long as this expression makes sense. We therefore need to introduce different Banach spaces 
of functions from y x Z to C such that the operators S*^ and C,* are well defined between 
these spaces. In addition to Bk, let us denote by B"^ the set of functions v from y x Z to C such 
that X]feGz(l "I" ll^fellci(y) ^ '^ith its canonical norm, and by B^ the set of functions v from 
y X Z to C such that X^feGZ ll'^fellci(y) ^^^^ consider as an operator from Bk to B'^ , 

Bl as an operator from B^ to Bk, and as an operator from B^ to B'^ . It should of course be 
checked that these operators are bounded for these respective norms. This is done in the following 
lemma. 

Lemma 5.15. There exists C > such that, for any n G N* and any t G [— to,to], 

(5.44) ll^^lle^^g. < C|i|e-^", \\bV\\^,_^^^ < , H^.^^, < Ce"^". 
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Proof. Let us start with A*^. If fc = (kg, . . . ,kj) is an admissible sequence, we have defined an 
operator in Paragraph [Ol by {Ql{z)v)k = if fc 7^ fc_,-, and iQliz)v)kj = Ql{z)vko- We 

define an operator A{z,t) from Bk to by 

00 

(5.45) A{z,t) = Yl E ^i(^)- 

J — 1 k—{ko.ki ,. . . ,/cj _ 1 ) admissible 

\ko\<K,\kj\>K 

By construction, A*^ is the coefficient of z" in this series. Moreover, summing the estimates of 
Lemma l5.ll over admissible sequences with |fco| < K and \kj\ > K, we obtain that A{z,t) is 
holomorphic on the disk {|2:| < e^^} (as a function from Bk to B^). Summing the estimates ()5.10p 
for small t, we also get that A(z, t) is bounded by C\t\ (since the number of differences in such an 
admissible sequence is at least 1). As a consequence, A{z,t) is bounded by C\t\ for t e [—to, to] 
since this inequality is trivial outside of a neighborhood of 0. Thus, the coefficient of 2" in A{z, t) 
decays at least like C|t|e~^". This concludes the proof of the estimate of A\. 

For i?^, we argue in the same way, using the fact that it is the coefficient of z" in the series 

oc 

(5.46) E QW)- 



As 



j — 1 k—[kQ,k\ ^...^kj^i^kj) admissible 
lko\>K,\kj\<K 

]l{z) < C\t\{l + fc2)6»20AfWi Y\l^^ 7^/3 by Lemma EH we also have 

3 

1/3 



(5.47) Qliz) <C\t\e^'^^^Y[j, 

2—1 

Since this quantity is summable with respect to k, the series ()5.46p is holomorphic on the disk 
{\z\ < e^^} and bounded by C\t\. We conclude as above. 
Finally, C,* is the coefficient of z" in the series 

00 

(5.48) E ^i(^)' 

i— 1 k—{ko,ki ^....kj-x^kj) admissible 
\ka\>K,\kj\>K 

which defines an holomorphic function from B^ to B^ in the disk {\z\ < e^^} (by summing the 
estimates of Lemma ET]). This yields the desired estimate for C^. □ 

We have defined a projection P on Bk, which can be extended to an operator from B^ to B^, 
as follows: {Pv)k = if = 0, and {Pv)o = Jy vq d^y- 

Corollary 5.16. There exist constants tq > 0, c > 0, C > and 9 < 1 such that, for any n G N, 
t e [—To, To] and v £ B^, 



(5.49) 



" <C{e- + m-ct'r)\\v\\^, 



g2 

Moreover, if ^ is continuously aperiodic, one also has for any \t\ € [To,io] 

(5.50) ll^'^llg. < Cr . 

Proof We write P^ = AlT^B^ + C* + Ea+^+b=n. ^<n ^^31 as an operator from B^ to B\ The 
term AqT^Bq gives the desired asymptotics, by Proposition l5.14l (and since ^0 ^^^^ ^0 ^^'^ simply 
trivial extension and restriction operators). The term is 0{9") by Lemma [5.151 Hence, we 
should estimate the sum J2a+i+b=n i<n ^a'^l^L whose norm is bounded by 

(5.51) C\t\ Y e~'"{0' + ii-cty)e-'\ 
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again by Lemma [5.151 and Proposition 15. 141 The term ^"^^'e is exponentially small in n, 
while the remaining term is bounded by 

i+j=n j=0 



- (1-Ct2)-1( 



This is bounded by C'\t\{l — ct^Y if ^ is small enough. 

When is continuously aperiodic, the equation (j5.50p is proved in the same way by combining 
((^^ and Lemma [OKI □ 

The next step in the reconstruction of A^*'" is to understand P^v := \yx7.K,*"'^{v). We will 
let this operator act on the space S° of functions v from X'*^^^ x Z to C such that X]feez(-i + 
I^P) ll^fc|lci(x(MN)) < oo, and take its values in B'^. Let us also define an operator P from to 
^2 by {Pv)k = for fc ^ 0, and {Pv)o = Jx(mn) vq d/i^*^^) (recall that /l^*^^) is a probability 
measure on X^^^\ whose restriction to Y is ^y/^(^^) (X^*^^))). 

Proposition 5.17. There exist constants tq > 0, c > 0, C > and 6 < 1 such that, for any 
n e N, < e [-To, To] and v G B° , 

.2+2 \ " 

j-2\n\ 



(5.52) 



P'v 



1 - 



Pv 



<c(r + |i|(i-c<")")l|w|| 



g2 



BO 



Moreover, if ^ is continuously aperiodic, one also has for any \t\ € [To,io] 



(5.53) 



P'v 



82 



Proof. Let us define an operator 13^, which corresponds to considering the trajectories of the 
"random walk" starting from Y x Z and staying outside of y x Z during a time n, so that 
Pn = E^+.=n PfD]. Formally, for x^Y, 



(5.54) 



Dlv{x,k) 



E 



{x-n,kn) — >{Xn — i,kn-i) 



ko ,...,kn — k 
Xi^Y for 0<i<rt 



We will first study D*^, as an operator from B^ to B^. As the dynamics of U between two returns 
to Y is trivial, Z)^ can be explicitly described as follows. Recall that a point x in X^*^^) is a pair 
(y, i) where y € Y and i < r'^^^^^(y). The preimages of (x, 0) under [/" which do not enter Y in 



between are exactly the points {hx, 



(hx) — n) where h e H-mn is an inverse branch of T, 



MN 



whose return time r^^^^^^ oh\s>n. Let v G B'^ . For k,l £ Z, let us define a function v"^ i onY by 

vLiy) = l.(M«,(,)>„..(2/,r(*^^)(y) - n)e-'^-^"*(^-'^'"'(^)-")(e'*^"^)._Ky,r(*^^)(y) - n). 

Here, (y,r(*^^)(y) - n) is a point in X'*^^), g-^'^^""^ is a function on X'*^^) and (e**^" ''')&_; is 
the k — l-th Fourier coefhcient (in the uj direction) of the function e^*^^^ on X*^^^^^ x S"'^, so it is 
also a function on X^^'^\ We have defined w^; so that Dl^v{x, k) — £*^^w^;(a;). 

Let us now estimate in terms of ||w||go- As V' belongs to C^'"^, the k — l-th Fourier 

coefficient of e"'^"'^ is bounded by Cn^/(1 + |fc - l\^). As r^'^'^'^\x) > n, we get 

„5 p2er(*^")(x) 

<C||t;,||coe- 



(5.55) l<i(^)l <C^II«Hlco Y" 

and, for any inverse branch /i, 



\k-l\5 



(5.56) ||i?«;o/i)|| <C|li>,|lci(l + |fc|)n. 



1 + |/c-;|5 



1 + Ifc-Zp 



<C\\vl\\c^ {l + \k\)e 



„2er^ 



1 + |fc-zp- 



As a consequence, 
(5.57) 



I „ II C{l + \k\) 
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By Theorem 



^ ^liW < C\Ki\U^^'- Finally, 



k,l 



(5.58) ||Z?>||^, =^(l + |A:n||(Z?»,||^,^^^ <Ce— 

fe ■ ■ 

If / is fixed, 
(5.59) 



l + |fcP II II 



V i + |fc|^ 

1 ^ It - 715 



Consequently, 
(5.60) 



\Div\\^,<Ce-'-\\v\\^, 



In P^^; = E,+j=nPlD*jV, let us replace i^* with (1 - (T2i72)^P//i(*-f^)(X(*-f^)) + £*, where 
is an error term. The control of E* given by Corollary 15. 16( combined with the computation 
made at the end of the proof of this lemma, gives 

(5.61) W^MIbo^b^ ^ ^ E + 1^1(1 - ^t'yy-'' < c'{e' + m - ct^r). 

i+j—n i+j—n 

Hence, there is only one term left to be estimated in P^w, with frequency 0, given by 



(5.62) 



1 



^(MJV)(J^(MJV)) 



i-\-j—n 



For aU u,v£R holds |e" - e^| < |m - wje'^^'^t"'") . As |/y(i:»*w)o| < Ce^^J \\v\\^o, we obtain 



< C 1 



2,2 \ n n 



E^- 

3=0 



log 1 - 



1 - 



^2^2 \ -J 



80 



< CtM 1 



go 



Let us define a function / on X^*^^) x by /(x, cj) = Vk{x)e''"^ . If C denotes the 

set of points in x'-^'^^^ which enter into Y after exactly j iterates, we have 



(5.63) 



/e^*'5^-^d(M(*'^^)(^Leb). 



Since the measure of Zj decays exponentially fast, 



(5.64) 
Finally, 



iD'v)o dfiY- f d(^(*^^) ® Leb) 



< C 



ZjXS^ 



\t\j\\f\\co<C\t\0^\\v\\ 

B" 



V / / d(M(*^^) <g> Leb) - / / d(Ai(*'^^) ® Leb) 

~^JzjXS^ JX(M«)xSi 



<C||/||c:o ^ M(^-^^)(Z,)<CM|gor. 
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Combining these different estimates, we obtain 



1 



/ d{^l'^''"^^ (g> Leb) + o(r + |t|(i - ct^)") 



XiMN) 



This proves ()5.52p . FinaUy, (j5.53p is proved in the same way, by using ()5.50p . 



□ 



Let Ut denote the operator acting on functions on 

XiMN) X gi ^^(^^ ^ U{e^^'t'v), where U 

is the transfer operator associated to U. 

Theorem 5.18. Assume > 0. Then there exist constants tq > 0, c > 0, C > and 9 < 1 such 
that, for any C^'i function v : x §i -> C, for any n E N, for any t G tq, tq] and for any 

{x,u)) € X Si such that h{x) < n/2, 



(5.65) 



lirv{x,Lu)- [1- 



V d{fl 



~{MN) 



Leb) 



< C{l + h{xW + \t\{l-ct'T) \\v\\c... 



Moreover, if ip is continuously aperiodic, we also have for any \t\ g [To,to] and for any {x,uj) with 
h{x) < n/2 



(5.66) 



Note that this theorem impHcs Theorem 13.61 taking simply t — (and a different value of 0). 

Proof. Define w in S° by w{x,k) = J^^ v{x,uj)e~'^'"^ dui, so that v{x,uj) = ^ fc)e*'^". As 
V G C^'\ w belongs to B° and ||w||bo < C H'L'II^s.i ■ 

For a; e y, we haveUJ^v{x, u) = J2kez(^n'^)k{x)e^'''^ by construction of P^. Hence, Proposition 
15.171 implies that, for a: G y and t E [— tq, tq] 



U^vix,L0)-(l 



? J.? \ ^ 



< 



< 



(P»o(x) - 1 



Wo 



Ptw - 1 - 



Pw 



g2 



< c(r + m - ct^r) M^o < c{e- + |t|(i - ct^)-) m^,,, . 

This proves (|5.65p for the points x with h{x) = 0. 

Assume now that j — h{x) £ (0, n/2]. Let x' be such that U^x' — x, and let oj' = uj — Sj(f>{x'), so 
that Wix',uj') = {x,Lu). Then Ul'v{x,uj) = e**^j'''(^''"')ri'""^f (x', tj')- Using the result for {x',lu'), 
we get 



(5.67) 



ZYr?;(x,c^)-e'*^^'^("''"'' (l- 



(7 t ^ 



<C{9--' + \t\il-ct'r-n\\v\\^,^. 



Since n — j > n/2, this last term is bounded by 9'"^^ + \t\{l ~ ct'^y^^^, which is compatible with 
()5.65p (upon changing the values of 9 and c). 

Moreover, le^ts.-ifi^' ,'^'} - 1| < C\t\j. Replacing e'*'^^'^^^''"') by 1 in ^Mj, we add an error 
which is bounded by C\t\h{x){l — (7^t^/2)"/^. This is again compatible with ()5.65p . Finally, 



- 1- 







r 





still compatible with (|5.65p . Doing all these substitutions, we obtain (|5.65p . 
Finally, (|5.66p is proved in the same way, by using (|5.53p . 



□ 
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Proof of Theorem M.l'A Theorem 13.61 enabled us to prove Theorem 11.71 page [THl The same argu- 
ments make it possible to deduce Theorem 1 1 . 1 21 from Theorem 15. 181 when S^'^^^ = 1. 

When d = d^*^^' > 1, let us show ([TTT^ f lfTT^ is analogous). Applying the previous arguments 
to the transformation If^, which is mixing, we almost obtain l|1.12p for times n of the form kd, 
with a slight difference: since is replaced with 



(5.68) 
we in fact obtain 

g*tSfc,v . / o T" • 5 d(/i (g) Leb) 



/OO 

i=i 



f d(/i (8) Leb) j 



g d{jl (g) Leb) 



<C{9'^ + \t\{l-cef)\\f\\^^\\g\\^,, 



To really obtain pTT^ . we thus have to bound (1 - a'^t^ /2Y'^ - (1 - da'^t^ /2)'^ . We have 



kd 



< 



fcdlog 1 - 



-k] 



1 - d 



max 



1 - 



kd 



l-d 



< Ck\t\\l 

By (|4.21|) . this term is bounded by Ct^{l — ct^ jl^)^ . This concludes the proof for times n = kd. 

If n is a general time, it can be written as kd + r with < r < d. The theorem at time kd, 
applied to the functions e**"^'''''/ o T"" and g (respectively bounded and Holder continuous) gives 
almost the result, the factor (1 — cr^t^/2)" simply being replaced with (1 — a'^t'^ /2)'"^. As above, 
one checks that the resulting additional error term is still compatible with (|1.12p . □ 

5.5. Proof of Theorem 11.91 Assume first that ip is a. function, with ct^ > 0. Theorem 11.121 
for / = g = 1 shows that the characteristic function of Snip/^/n converges to e~°" * which 
is equivalent to the convergence of Snip/\/n towards the gaussian distribution A/'(0, cr^). This 
concludes the proof in this case. 

Assume now that ip is only C", with zero average, and with > 0. Let be a function, 
close to ijj in C"/^, with corresponding asymptotic variance Cg. Theorem 11.71 (applied in C"/^) 
shows that the variance of Sniip ~ '4'e)/Vn is uniformly small in n. This implies on the one hand 
that the distributions of Sn'ip/V^ ^^'^ Snips/ y/n are close, and on the other hand that is close 
to cr^. In particular, if e is small enough, cr^ > 0. As Snipe /\/n converges to A/'(0, cr^), this imphes 
that Snip/y/n is close in distribution to Af{0, cr^) if n is large enough. Therefore, Snip/\/n is indeed 
converging to A/'(0, cr^). □ 

5.6. Regularity in the cohomological equation. 

Proof of Proposition We proved half of the proposition in Proposition l3.9l It remains to prove 
that, if tp = f — f o T ior some measurable /, then = 0. If > 0, Theorem 11.91 implies that 
Snip/y/n converges to a gaussian distribution. However, Snip/\/n — {f ~ f ° T")/Vn converges 
in distribution to 0, which is a contradiction. Hence, cr^ = 0. □ 

Proof of Proposition \1.1(A Let -0 : X x §^ — > R be a function. We have to show that %p is 
periodic if and only if ■0 is continuously periodic. 

If -0 is continuously periodic, it is trivially periodic. Conversely, suppose that ip is continuously 
aperiodic, but it is nevertheless possible to write ip — u — uoT + a mod A, where u is measurable 
and a £ R. 

If vanished, ip would be continuously periodic by Proposition 11.81 which is a contradiction. 
Hence cr^ > 0. As ip is continuously aperiodic, it satisfies Theorem 11.121 (because (|1.13p has been 
proved under the sole assumption of continuous aperiodicity). In particular, for t ^ and for 
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any functions f,g which are respectively bounded and C^, J e'*'^"^/ o T"g 0. By density, this 
convergence to holds for any /, 5 G L^. However, for t = 27r/A, / = e**" and g — e"'*"", 

^5 gg') J ^itSni) J Q q-ng _ J ^it{u-uoT" +na) ^ituoT"- ^-itu _ ^itna 

which does not converge to 0. This is a contradiction. □ 

6. Proofs for Farey sequences 

6.1. A general criterion for the weak Federer property. We would like to prove that some 
measures /i satisfy the weak Federer property. In the introduction, we have seen that this prop- 
erty is quite easy to check for Lebesgue measure. However, in view of the application to Farey 
sequences, it is desirable to have a sufRciently simple criterion, that does not apply only to abso- 
lutely continuous measures. In this paragraph, we describe such a criterion. 

Let us consider a riemannian manifold Z endowed with a measure fj, such that, for any p > 0, 
inixez tJ-{B{x, p)) > 0. We assume that Z is partitioned in a finite number of subsets Yi, . . . , Yp, 
and that each set Yj admits a (finite or countable) subpartition modulo 0, into sets (W^ij)iGA(j)- 
Let also T be a map which sends each set Wi,j diffeomorphically to one of the Yfc. We can define 
Tin as the set of inverse branches of T". Such an inverse branch h is not defined on the whole 
space Z, only on one of the sets Yj — We assume that: 

(1) There exist k > 1 and Cij such that, for any x G Wi_j and v tangent at Z in x, n \\v\\ < 
\\DT{x)v\\ < C;j Hull. 

(2) Let J{x) be the inverse of the jacobian of T with respect to fi. There exists C > such 
that, for any h £ Hi, ||i:»((log J) o h)\\ < C. 

(3) For any C > 1, there exist I) > 1 and ryo > such that, for any t] < rjo, for any 1 < j < p, 
there exist disjoint balls B{xi,Cri), . . . , B{xk,Cri) which are compactly included in Yj, 
sets Ai, . . . ,Ak with Ai C B{xi, DCrf) n Yj such that, for any x[ G B{xi, {C — 1)?7), holds 
lJi,{B(x[, T])) > ii{Ai)/D, and a finite number of inverse branches hi, . . . ,hi G Tii defined 
respectively on Yj^, . . . ,Yji, such that, for any i G [1,^], there exist x G Yj. and v a unit 
tangent vector at x with 

(6.1) \\Dh,{x)v\\ > C77, 

such that: 



(6.2) [jB{x„C7^)c\jA, 
and 



1=1 



(6.3) 



Yj = 1^ U A^j U 1^ IJ {Yj^ )^ mod 0. 



(4) The transformation T is uniformly quasi-conformal, in the following sense: there exists 
K > such that, for any h G UneN^" defined on a set Yj, for any x,x' G Yj and any 
unit tangent vectors v and v' respectively at x and x' , 

(6.4) \\Dh{x)v\\ < K\\Dh{x')v'\\ . 

The first two properties are uniform expansion properties, analogous to the similar requirements on 
Ty in Definition 11.41 The difference is that the full shift structure has been replaced by a subshift 
of finite type, since such a structure will naturally appear in the proofs for Farey sequences. The 
third property is a kind of weak Federer property, but not on the whole space, rather on the images 
of branches whose size is at most Crj (by the requirement (|6.ip ). It is therefore much easier to check 
than the true weak Federer property. Finally, the last property of uniform quasi-conformality will 
enable us to iterate the dynamics, to get information at scales which are not covered by the third 
assumption. 
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Proposition 6.1. Under the previous assumptions, the sets h{Yj(^fi)) (for h G UneN uniformly 
have the weak Federer property (for the measure fi). 

Proof. The quasi-conformality assumption shows that it is sufBcient to prove that each set Yj 
satisfies the weak Federer property: if sets Ai as in the definition of the weak Federer property 
can be constructed on Yj, they can be transported to h(Yj) by the map h. In this process, one 
loses only harmless constant factors, and this implies the uniform weak Federer property. From 
this point on, we shall therefore work only on Yj, for each 1 < j < p. 

We want to constructs sets Ai as in the definition of the weak Federer property. The third 
assumption of the proposition gives some of these sets, but to get the other ones we will need to 
iterate the dynamics. Thus, the construction will be inductive. 

For any 1 < j < p, let us fix a point Uj G Yj, and a unit tangent vector Vj at aj. Let also 
p > be such that the balls B{aj,p) are compactly included in Yj. Fix a constant C for which 
one wants to prove the weak Federer property, and consider rj small enough. We will say that an 
inverse branch h G 7Y„, defined on Yj, is {C,ri) good, or simply good, if \\Dh(aj)vj\\ > KCrj/p. 

We will prove the following fact: there exists a constant M such that, if h £ Tin is a good branch 
defined on Yj, then there exist disjoint balls B{xi, Cr)), . . . , B{xk, Crj) com,pactly included in h(Yj), 
sets Ai, . . . ,Ak with Ai C h{Yj) n B{xi, MCrf) such that any ball B{x'i, rj) included in B{xi, Crj) 
satisfies ii{B{x'i,ni)) > fi{Ai)/M, and good branches hi,..., he G Hn+i defined respectively on 
Yj^, . . . , Yjg such that 



(6.5) \jBixi,Crj)ci\jAi 

i=l i=l 

and 

(6.6) h{Yj)=^(jA^U^ljhi{Yj,)y 

This fact easily implies the proposition: we first apply it to the inverse branch Idy^ (which is 
obviously good if rj is small enough), and then by induction to the inverse branches which are 
produced by the fact at the previous step. This process terminates, since there is no good branch 
in Hn if n is large enough. 

To prove that fact, we will use the assumption (3) for the constant C = ma,x{K^C, K'^C/ p). 
Let rjo and 5 > be given by (3), for this value of C. Let < Let h G Hn be a good branch, 
defined on a set Yj. 

First case: assume that r]/{K \\Dh{aj)vj\\) >r]o. The image of the ball i?(aj, p) contains the ball 
B{haj, p \\Dh{aj)vj\\ /K), which itself contains B{haj,Cr]) since h is good. Moreover, for x,x' gY 
holds d{hx,hx') < d{x,x')K \\Dh{aj)vj\\ < diamF;^. In particular, if M > diamy/(C77o), we get 
h{Y) c B{haj,MCr]). We can thus take a ball B{haj,Cri) and a set Ai = h{Y). To conclude, we 
should check that ^{B{x',r])) > M~^ij.{Ai) for any x' G B{haj, (C — l)r]), if M is large enough. 
Since the iterates of T have a uniformly bounded distortion, 

fi{Bix',7^)) _ i^{h-^B{x',r])) 
^ ■ ^ ^l{A,) - fi{Y) 

Moreover, h~^B{x' ,r]) contains B{h~^x' ,r]/{K \\Dh{aj)vj\\)), which itself contains B(h~^x' ,rio). 
The measure of these balls is uniformly bounded from below. This concludes the proof in this 
case. 

Second case: assume now that rj/ {K \\Dh{aj)vj\() < Let % = r]/{K \\Dh{aj)vj\\), it is 
bounded by r]o. Hence, the assumption (3) gives sets Ai, . . . , Ak, balls B{xi,Cr]h), . . . , B{xk, CVh) 
and inverse branches hi, . . . ,he defined respectively on Yj-^ , • . • , Yj^ . We will show that the balls 
B{hxi,Cr]), . . . , B(hxk,Cr]), the sets Ai = h{Ai) and the inverse branches ho hi, ... ,ho hi satisfy 
the conclusion of the fact. 

Let us first show that the inverse branch h o hi is good. By definition of hi, \\Dhi{aj-)vj-\\ > 
Crjh/K > K'^Cri/{p'^Dh{aj)vj\(). We have D(ho hi){aj.)vj^ = Dh{hiaj.)Dhi{aj.)vj.. Moreover, 
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\\Dh{x)v\\ > K-^ \\v\\ \\Dh{aj)vj\\. Therefore, 

\\Dihoh,)iaM\ > \\Dh,{aM\ ll^/»K>.ll > p\\Dh{a'^)v,\\ ll^^("^>^H = ^'^'^/P' 

This shows that h o hi is good. 

The set hB{xi,Crih) contains the ball B{hxi,Crih\\Dh{aj)vj\\ /K), which itself contains the 
ball B{hxi, Crj) because C > K^C. Moreover, for any x' E B{hxi, [C — l)rf), the set h^^B{x' , rj) 
contains the ball B{h~^x' ,ri/{K \\Dh{aj)vj\\)) — B{h^^x' ,rih)- As the distortion of the iterates of 
T is uniformly bounded, we obtain for any x' G B{hxi, (C — 1)77) 

(f.^. KB{x',v)) _ ti{h-^B{x',ii)) ^ ^l{B{hx',r„,)) ^ , 

Finally, as C B{xi, DCrjh), Ai \s contajmedin B{hxi, DCrjhK \\Dh{aj)vj\\) — B{hxi, DCrj). □ 

The previous criterion easily implies that Gibbs measures in dimension 1 have the uniform weak 
Federer property: 

Proposition 6.2. Let T be a uniformly expanding map on the circle S^, and let ^ he a Gibbs 
measure corresponding to a potential. Then there exists a subset Y of §^ such that T is 
nonuniformly expanding with base Y , for the measure fi. 

Proof. Let d be the topological degree of T, and let xq be a fixed point of T. Let Y = Z = §^ — {xo}. 
Then — T^^(xo) it the union of d intervals Wi, . . . , Wj, each of them being sent by T onto Z. 
These intervals form a partition (modulo 0) of Z satisfying the first four points of Definition 11.41 
(for ri = I, 1 < i < d). If we can prove that T satisfies the assumptions of the previous proposition, 
the proof will be complete. The assumptions (1) and (2) are clear, the fourth is equivalent to the 
bounded distortion for Lebesgue measure since we are in one dimension. Let us check (3), for 
some C > 0. Let 770 be small enough so that, for any x G Z and any inverse branch h E H, 
\h'{x)\ > CrjQ. We take no ball B{xi,Cr]), no set Ai, and all the inverse branches h E H. Then 
()6.2p is empty, hence trivial, and (|6.3p is also trivial. □ 

6.2. Farey sequences. Let r > 1. Let T be the map on X = [0, 1] given by (|1.7p . and let T be 
its extension to [0, 1] x R/(logr)Z defined in p.Sp . using a function cj). This function is not 
on [0, 1], which seems to be a problem since we always worked with a function (j) of class C^. To 
avoid this problem, we can simply work with the disjoint union X = [0, 1/2] U [1/2, 1], on which 
(j) is C^. All our results in the previous sections have been formulated for transformations on 
X X E/27rZ, but the same results hold verbatim on X x M/7Z for any 7^0, and in particular for 
7 — logr. Henceforth, we will simply denote R/(logr)Z by §^ and apply without further notice 
the preceding results. 

Let Xq = 1/2, and set Xn — hA{xn~i), i.e., x„ is the preimage of Xn-i under the left branch of 
T. Explicitly, Xn = i/{n + 2). Let Ij — (xj , Xj-i). Let also Ij = 1 — Ij be the symmetric of Ij 
with respect to 1/2. Let Y — (xi, xq) — (1/3, 1/2), and denote by Ty the map induced by T on Y. 
Its combinatorics can be described as follows: a point of Y is sent by T in (1/2, 1), it spends some 
time i > there, is then sent back to (0, 1/2), and increases (for j > iterates) before entering 
back in Y. The points with this combinatorics form an interval lij := T^^(Ii) nr^*^^(/j+i), and 
T^+i+'^(^I^ j^ = Y. Letting rij = i + j + 1, we thus obtain a partition of Y that satisfies the first 
point of Definition 11.41 

Proposition 6.3. The map T is nonuniformly expanding of base Y , in the sense of Definition 
\1.4\ for the partition {/i,j}i>oj>o o,nd Minkowski's measure fi. Moreover, it is mixing. 

Proof. The first point of Definition 11.41 is clear. For the second one, note that the jacobian of T 
for Minkowski's measure is everywhere equal to 2 by definition. Hence, the jacobian of Ty on lij 
is constant (equal to 2'+^+^), and Z3((log J) o hij) = 0. The third point is trivial. For the fourth 
one, we have for any cr > 



(6.9) ^e'^'- = ^M/...)e^^'+^+'^ 



-j-i-3g(T(!+j + l) 
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which is finite as soon as cr < log 2. The mixing of T is a consequence of the equality gcd{rij} = 1. 

Thus, we just have to prove the uniform weak Federer property. To do this, we will use 
Proposition 16. II Let Yq = Y, and let Yi be its symmetric with respect to 1/2. Let Z — YqUYi, 
and let T be the first return map induced by T on Z. It sends each interval T~^{Ii)nYQ bijectively 
to Yi, and each interval r^^(/i)n Yi bijectively to Yq. If we prove that T satisfies the assumptions 
of Proposition 16.11 this will conclude the proof of the uniform weak Federer property, since the 
inverse branches of the iterates of Ty are in particular inverse branches of iterates of T. 

Assumptions (1) and (2) of Proposition imi are trivial (since J is constant on each monotonicity 
interval of T). For the fourth point, the quickest argument is certainly to use the fact that all the 
inverse branches of the iterates of T are homographies (hence with vanishing schwarzian derivative) 
which can be extended to the whole interval [0,1]. Koebe's Lemma |dMvS93l Theorem IV. 1.2] 
directly yields the uniform quasi-conformality. 

Hence, we just have to check point (3). It is sufficient to check it on Yq: since everything is 
symmetric with respect to 1/2. If J is an interval, we will denote its length by \ J\. Then |/„| is 
a decreasing sequence, with |/„+i|/|/„| — > 1 when n ^ oo, since T'(l) = 1. As a consequence, 
Kn = T-i(/„) n Yq satisfies |i^„+i|/|i^„| 1, and there exists C > such that \Km\ < C\Kn\ 
for aU m>n. Finally, ^{Kn) = 2-"-2 

We will use the following fact: for any C > 0, there exists D > such that, for any in- 
terval J included in an interval Kn with \J\ > C^^\Kn\, then /x(J) > ji^Kn). To prove 
this fact, we apply once the map T, which sends Kn to Yi, and J to an interval J' satisfying 
\J'\ > K~^\Yi\ by quasi conformality. Hence, /i(J') is uniformly bounded from below. As 
/z(J')//i(Yi) = ^{J)/ii{Kn), this proves the fact. 

We can now prove the third assumption of Proposition l6.11 on Yq. Let C > 1. We will construct 
inverse branches hi, . . . , hg, balls B{xi, Crj), . . . , B{xk, Cri) and sets Ai, . . . , Ak as follows, if rj is 
small enough. 

Let N be maximal such that > Crj for n < N. We take £ — N, and let hi, . . . ,hi be 

the inverse branches of T whose images are the intervals Ki, . . . , Kg. Then hi is defined on Yi, 
of length 1/6, and the length of its image Ki is > Crj. Hence, there exists a point yi S Yi with 
h'iivi) > QCrj. This proves ([Oil . 

We decompose the remaining interval as a union of intervals of length 2Crj, excepted maybe 
the first one whose length belongs to [2(777, iCrj). Let us denote this decomposition by Jq, . . . , Jp. 
Since \K]y\ — o{J2n>N \^ri\) when oo, we have p > 2 if 77 is small enough. Let us define 

sets Ai, . . . ,Ap hy Ai = Ji for i > 1, and Ai = Jq U Ji. Let B{xi, Cri) = Ji^i for i > 1, and 
let B{xi,Cr]) be the leftmost part of Jq. For i > 1, the ball B{xi,Cr]) is not included in the set 
Ai, it is strictly to its left. The balls are disjoint, and Ai C B{xi,5Cri). Let us show that they 
satisfy the desired conclusion: we have to prove that, for any interval J of length 2r/ included 
in B{xi,Crj), then /i(J) > D~^(x{Ai) holds for some constant D (independent of rf). Either J 
contains an interval Kn, or it intersects such an interval along a subinterval of length at least 
r}. Moreover, \Kn\ < C\Kn+i\ < CCrj. In both cases, the fact we proved above implies that 
KJ) > D-^jx{Kn). 

We first deal with i = 1. As |i^„+i| ~ \Kn\, the set Ai is covered by Ul=i ^JV+fe if N is 
large enough (hence, if 77 is small enough). These 7 intervals have comparable measures since 
niKjn) = 2-™-2, hence jj.{Ai) < Cjj,{KN+k) for 1 < fc < 7. As ^(J) > D-^ji{Kn) for at least one 
these KnS, we indeed conclude yu(J) > C~^ji{Ai). 

Assume now i > 1. There exists an interval Kn intersecting J with /i(J) > ji{Kn)- Since 
Ai is located to the right of Kn, we get 

00 00 

(6.10) fi{A,) <CJ2 2""'"' < C2-"-2 < Cfi{Kn). 

m—n m—n 

This also concludes the proof in this case. □ 
Lemma 6.4. The function (p is not cohomologous to a locally constant function. 
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Proof. Assume by contradiction that there exists a function / such that (j>Y — f + f ° Ty is 
constant on each interval /ij-, equal to some number a^.j. The interval /i.i contains the point 
X = 3/2 — \/5/2, with Ty{x) = x. Necessarily, ai.i = (/)y(a;). In the same way, the interval I2.1 
contains x' — 1 — \/3/3, invariant under Ty, which gives 02.1 = 4>y{x'). 

Let now y — 1 - V6/4. This point belongs to but Tyiy) G h.i, and T^{y) = y. Then 

(6.11) (j^viy) + (t^yiTyy) = ai,i + 02,1 = (t>Y{x) + (I)y{x'). 

However, it is possible to compute explicitly tpyiy) + 'pYiTyy) — 4>y{x) — 4>y{x'), and check that 
this quantity is nonzero (approximately equal to —0.013). This is a contradiction. □ 

The previous proposition and lemma show that the results of Paragraph 11.31 apply to T. How- 
ever, this is not sufhcient to prove Theorems 11.11 and II. 2| since these results are pointwise while 
the results of Paragraph 11.31 are averaged. We will therefore need an additional ingredient. Let 
X^") be the extension of X defined in Paragraph 13.11 and let 7r^"\ tt^"^ be the corresponding 
projections. 

Lemma 6.5. For any n e N, there exists a constant C{n) such that, for any integrable function 
M : X X S"'" C, for almost all (x, w) G X x and for any fc G N, 

(6.12) f^u{x,u) ^C{n) 2-''(^')zi'=(wo^("))(a;',tj). 

^{ti) (^x' )—X 

Proof. Let B be the cr-algebra of Borel measurable subsets of X x S-'^, and let B' = (7r'^"^)~^(H). 
This is a sub-u-algebra of the Borel cr-algebra on X^") x S^. A function v on A"'") x §^ can be 
written as u o tt^") if and only if v is i3'-measurable. 
Let us first prove that 

(6.13) [f'u) o = E{U''{u o ^(")) I B'). 

To do this, let us write E{U^{u o ■?;•(")) \ B') ^ v o A_s jl® Leb = ^i-^"^ (/i*") (g) Leb), we have 

for any measurable function / on A x 

(6.14) / vf=[ wo#(")/o7f(") = / E{U^{uo^^'''^)\B')f on^'^\ 

As / o TT^") is S'-nieasurable, we get 

vf^f U''{uon^"^)fon^''') ^ [ uon^''^fon^"Ku'' 

XxSi Jx(")xSi Jx(")xSi 

X(")xSi JxxS^ 

This last equality shows that v — T^u, and concludes the proof of (|6.13p . 

The set A*^"^ is endowed with a countable partition A such that tt^") is injective on each 
element of the partition. Let us define a function F on X^"-* as follows: on each set a G A, let 
F — d/i^")/ d(/i o TTi'-"''). This is the local Radon-Nikodym derivative of with respect to 

(tt^"))*//. As 7ri"'/i(") = fi, we have J2Tr("^x')=x ^i^') = ^ almost every a; G A. Let us show 
that the conditional expectation with respect to B' is given by 

(6.15) E{v \ B'){x,uj) = F{x')v{x',uj). 

,r(")(a;')=7r(")(x) 

Let us indeed define a function w on X x §^ by 

(6.16) w{x^u;) = n^'M^'.^) = E 

7r(")(x')=a: "6-^ 
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If / is a measurable function on X x , 

= V / /(7r(")x',w)w(a;',tj) d/i(")(a;') dt^ = [ fo^^-^^v. 



L 



This proves (|6.15p . Together with ()6.13p . this implies the lemma if we can prove that 
(6.17) F{x') = C{n)2-'''^'''l 

As Ty is the first return map to Y, the jacobian of tt*^^^ for the measure /i*^^-' on Y is equal to 1. 
Since /i'^"^ is proportional to /i^^^ on Y, this implies that F is constant on Y, equal to a constant 
C{n). This proves ()6.17p for points with zero height. 

The jacobian of T for jl is equal to 2, while the jacobian of U is equal to 1 on the set of points 
that do not come back to the basis. By induction over h{x'), this implies (|6.17p . □ 

Corollary 6.6. There exist constants C > and 9 < 1 such that, for any function f : 
X xS^ ^C, for any {x, lu) e X x , 



(6.18) 



r"/(x,c.) 



< ii/ii^e 



Proof. Since everything is symmetric with respect to 1/2, and continuous, it is sufhcient to prove 
the assertion for almost every x € (1/2, 1). 

We work in X^^\ where N is given by Theorem 12. II Note that S^'^ is equal to 1, since r^^^^ 
takes the values 2N and 2N + 1. Applying Theorem 13.61 to the function u = / o ^W, we get: for 
any n S N, for any x' G with h{x') < n/2, 



(6.19) 

Together with Lemma 



Zi"(/o^W)(x',c.) 
this yields 



/ 



T-f{x,u;)- / / 



Tr(">{x')=xMx')>n/2 



^7r(«)(x')=2:,/i(x')<n/2 

To conclude, it is thus sufficient to prove that, forxG(l/2,l), the cardinality of 

(6.20) {x' I 7rW(x') =x, h{x')^k} 

grows at most polynomially with k. If we write a point of X^^'' as a pair {x' ,j) with x' G Y and 
j < r'^^)(a;'), it is easy to check that U'' induces a bijection between the set (|6.20p and the set of 
points in T^^{x) n Y whose first k iterates under T spend a time t < N inY . If t is fixed, such 
a point is determined by the combinatorics (ji,ji, . . . ,it, jt,it+i) of times spent in [1/2, 1], then 
in [0, 1/2], then in [1/2, 1], and so on, with the constraint that the sum of these lengths is k (we 
recall that we assume a;G(l/2,l)). As a consequence, 

N-l 

(6.21) Card{x' | tt^^\x') = x, h{x') = fc} < ^ k^'+^ < Ck^ 



■2N 



This quantity indeed grows polynomially. 



□ 



Proof of Theorem \l.l[ If / is a continuous function on [0,1] x S'^, then J f d/i„ = T"/(1,0). 
Hence, Corollary 16.61 shows the theorem for functions. The case of C" functions is then 
deduced by interpolation, just like at the end of the proof of Theorem 11.71 □ 

Proof of Theorem If is a function which is not a coboundary, we show like in the proof 
of Corollarv l6.6l (but using Theorem 15. 181 instead of Theorem 13. 6p that, for \t\ < tq, 



(6.22) 



t"/(x,c.) 



/ 



<C{0- + \t\{l-ctT)\\f\\co- 
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Moreover, if ijj is aperiodic, for To < |<| < t^, 

(6.23) |7;"/(x,c.)| <cr ii/iipe. 

As 7;"1(1,0) = £;(e**^fc=i'^(^'=)), this implies the limit assertions in Theorem [T^ 

The automatic regularity properties still have to be checked. Hip = f — foT with / measurable, 
let us show that / is continuous on [0, 1]. Proposition [T31 shows that / is continuous on 1^ x 
As T is an homeomorphism between y x and [1/2,1] x S^, we conclude from the equality 
f oT = f — t/j that / is continuous on [1/2, 1] x S^. Finally, as T is an homeomorphism between 
[1/2, 1] X §^ and [0, 1] x we obtain with the same argument the continuity of / on the whole 
space. 

We argue in the same way for the cohomological equation in M/AZ, by using Proposition 
[TTOl □ 

Appendix A. Contraction properties of transfer operators 

In this appendix, we prove Theorem l2.1l on the contraction properties (in norm or in Dolgo- 
pyat norm) of the transfer operator associated to a map Ty, where T is a nonuniformly expanding 
map of base Y. Henceforth, the notations and assumptions will be those of Theorem 12.11 

A.l. Contraction in the norm. In this paragraph, we introduce the tools to prove the first 
part of Theorem 12.11 However, the choice of the constants and 6 of Theorem 12.11 will only be 
possible at the complete end of the proof, in the next paragraph. 

We will use several times the following distortion lemma, whose proof is completely standard 
and will be omitted. 

Lemma A.l. Let j("^(x) be the inverse of the jacobian of Ty at the point x. There exists C > 
(independent of n) such that, for any h £ Tin, for any x,y (zY, ||Z3(J''"-' o /i)(a:)|| < CJ'^'^^ o h{x) 
ana J(") o h{x) < CJ(") o/i(?/). 

For small enough e, we define an operator >Cj acting on functions from Y to C, by C^u(x) — 
"^2 J{hx)u{hx)e^^''^K If Hq C Ti, we will also denote by C^.Hq the same operator but where the 
sum is restricted to the inverse branches belonging to Hq. The following elementary estimates will 
be used again and again in all the forthcoming arguments. 

Lemma A. 2. There exists a function a{s) which tends to when e — > such that ||/3e||^2^^2 < 

e"^'^) and \\C,\\(jo^co < e"^^^- 

Moreover, if > is small enough, for any 7 > 0, there exists Hq C Ti. with a finite complement 
such that II ^eo.-ffo II L2^L2 < 7- 

Proof. We have 

{C^Houix))^ = I J2 ^(M^(Me""^''"M < ( J2 JihxMhxf] I ^(/ia;)e2^'^(''"M . 

\heHa J \heHo ) \heHo ) 

1 /2 

Consequently, \L^,Ha'a\i,i < II'^IIl^ '^'^Vx& {JlheHo J {hx)e'^^'^^'^^^) . We have J{hx) < CJ{hy) 
for any h e n and aU x,y & Y, hence Jihx)e^^'''^'''=^ < CY. J{hy)e'^^''^^y^ ■ Integrating this 
inequality with respect to y, we get 

(A.l) V J(/ia;)e2^'^('") ^ <^ 1] / J{hy)e^'^'^''y^ d^lYiy) = C f e^^'^^^^ ^Wiy)- 

This quantity is finite if e is small enough, by the fourth assumption of Definition 11.41 Taking the 
complement of Hq small enough, it can even be made arbitrarily small. This proves the second 
point of the lemma. 

For the first point, we have to be slightly more precise. For any x, we have e^^'"'^'*^) < 1 + 
2£r(/ix)e2^''(''^). Hence, using the inequality J{hx) < CJ{hy) for any h € Ti. and x,y (zY, we get 

^ J(/ia;)e2^''(''") < ^ J{hx) + 2e ^ J{hx)r{hx)e^''-('''=^ < 1 + ^ J{hy)r{hy)e''^^^'y\ 
hen hen hen hen 
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Integrating with respect to y, 

(A.2) J(/ix)e2^'^(''^) < 1 + Ce / r(y)e2^''(^) d^y(y), 

and this last integral is uniformly bounded if e is small enough. This gives the desired estimate 
for the action of on and C°. □ 

Let us prove a lemma which will easily imply (|2.3|) . 

Lemma A. 3. There exist Eq > and < 1 such that, for any A > Q, n ^ H and e < Eq, there 
exists C > such that, for any tp S C^''^ and v e C^{Y), 

(A.3) \\C''i^v)\y < 0^ f sup |V'(a;)|/e-""(-)') + C M^a,. M^o . 

Proof. First, since < IIV-'IIc-^.e e^*"' we have 

(A.4) l|/:"(^«)llco < IIV^IIc-- IICI^IIIco < ll^llcf- M^o , 

by Lemma IA.4I This gives the desired control in the norm. For the norm, we differen- 
tiate C^{il^v) = J2hen„ J^'^\hx)^l){hx)v(hx). If we differentiate j'-''^hx), we use the estimate 

given by Lemma [A. 11 and get the same bound as for the C° norm. 
If we differentiate 'ip{hx), its derivative is bounded by A || V'H^a.e e'^''' 'C*^), and using the same 
argument as for the norm we obtain the same bound (with an additional factor A, which is 
not a problem since C is allowed to depend on A in the statement of the lemma) . 

Finally, if we differentiate v o h, we have \\D{v o h){x)\\ < k^" ||-Dt;(/ia;)|j, and we therefore get 
a bound 

\\Dv\\co < n-^' Men f sup |V(:^)|/e^'-*"'(^)) £"(e-*"') 

\xeY J 

< K"" \\v\\ci (sup |V'(a;)|/e^''*"'(^M e""^^). 
If e is small enough, K~^e"*^^) < 1. This concludes the proof. □ 



We now turn to the proof of (|2.4p . As a preliminary estimate, let us first consider the case 
ipi = e'^^ for all i, in the following lemma. 

Lemma A.4. There exist No > 0, 9q < 1, C > Q, £o > ^ and a function a : (0, Eq) — *■ R+ tending 
to when e ^ 0, satisfying the following property. For any N > Nq and e < Eq, for any 
function v :Y ^ 'C, 

(A.5) \\D{C^v)\\^, < < \\Dv\\^o + Ce^"(^) ||«||^. . 

Proof We have C^v = 'Ehenjv J^^Khx)e^''''"^ ^'''■'^v{hx). By LemmaEH J^^\hx) < CJ^^Hhy), 
and \\D{J'^^'^ o h){x)\\ < Cj'-^^hx). Moreover, since h contracts the distances by at least n , 
\v{hx)\ < \v{hy)\ +Ck"^ Hence, 

jW(Me"'^'"'<"")|«(MI < Cj'^''\hy)e'^'"'<^''y^\v{hy)\+CK-''j<^^\hy)e'-'"'^^y^ \\Dv\\co ■ 
Integrating this equation over y and summing over the inverse branches, we conclude 



(A.) £»HW<cy..' H + c.--||z,„||„, 

But / p/'''"' ^ / £f 1 < e^"(^) by Lemma ESI In the same way, 

(A.7) / e-'"Vl < hh. (/ e-^'-y < Ml,, e-"^-)/^ 

We obtain (for some different function a(e)) 

(A.8) J^eHix) < Ce^"(") \\v\\^2 + CK^^e^"(") \\Dv\\co ■ 
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Let US now bound D{C^v). We can differentiate J^^^hx). As \\D{J'^^^ o h){x)\\ < Cf-^^ o h, 
we obtain a term which is bounded by CC^ \v\. If we differentiate v o h{x), the resulting term is 
bounded by 

bounded by CK^^e^"'"^' ||-Du||(^o- We have proved that 

(A.IO) \\D{C^v)\\^o < CK-^e^"(^) \\Dv\\c:o + Ce^^^^^ \\v\\^, . 

Taking Eq small enough so that K^^e"^^'^-' < 1, and Nq large enough, this implies the lemma. □ 
The following lemma essentially proves 



Lemma A. 5. There exist Nq > 0, 9q < 1, C > 0, Sq > and a function a : (0, Eq) M-|_ tending 
to when e such that, for any N > Nq, for any A > 1, the following holds. Let e < Eq, let 
"01, . . . , V'n G ^n '^j let V : Y C be a function. Let v*^ = v and = {il^iV^'^) . Then 



(A.ll) <CA\\{ WUc--^ ) (<" Mc^ 



^Nna{e) 



e ^ ' V 



L2 



Proof. Note first that two points x and y of K can be joined by a path of uniformly bounded length, 
since diam(F) < oo. If w is a function, this implies \v{x)\ < C\\Dv\\^o + \v{y)\. Integrating 
with respect to y, 



(A.12) \\v\\c,<C\\Dv\\c,+ 

Let us first prove a preliminary inequality. For any function w and any integer i, 
(A.13) \\D{C^'w)\\^„ < C \\Dw\\co + Ce^'"(^) , 

by Lemma Em (applied to the time Ni). Applying (|A.12|1 to C^^w, we obtain 
(A.14) ll-Cf ^llpo < \\Dw\\co + Ce^^"(^) . 

Let now w be a Lipschitz function. It is a uniform limit of functions w„, with HDwnHpo < 
CLip(w). Taking limits in the previous equation for w„, we get 

(A.15) < Lip(w) + Ce^'"(^) . 

Let finally be a function. The function is Lipschitz, and its Lipschitz coefficient is bounded 
by 1 1 1 1^0- We conclude 

(A.16) ll'CfbllIco < CC \\Dv\\co + Ce^^"(^) H^H^. . 

We can now prove the lemma itself. We will write 7^ = HT/iiUj^^.e . In particular, |'!/'i(x)| < 
^.ger(")(x)^ Hence, < 7, . ..-iiCf'\v\ As v'{x) = E/iew„ j'^^\hx)^,{hx)v^-^ {hx) , we have 

||Di;'(a:)|| < 1:(^\d{J^^^ o /i)(x)|| e''-'"^^^''^\v''\hx)\ 

+ J2 J^^Hhx)Ae'^'"'^''^^v'-\hx)\ 

+ J^^\hx)e'''^''^^^''^ \\Dh{x)\\ \\Dv'-\hx)\\}j . 

We will bound these three terms. For the first one, ||£'(j'^'' o /i)(a;)|| < CJ^'^^hx). This term is 
therefore bounded by C^i ... 71 ||£^*|ti°| ||po, which can be estimated with (|A.16p . For the second 
term, we have a similar bound, with an additional factor A. 

For the third term, we bound \\Dh{x)\\ by k"^, and J(^n^a;)e^''*"'(''^) = C^l{x) < e^"(^) 
by Lemma IA.2I Taking e small enough, we can ensure that K^^e"^^-* < (increasing 9q if 
necessary) . 
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We have proved that 

(A.17) \\Dv%o < (1 + AH ■ . .7i(C^C \\Dv\\co + Ce^^"^^^ + 7.^0^ ll^^-'^ico ■ 

Iterating this equation inductively over i yields 

/ n \ / n ^ 

\\Dv-\\co < f ( (1 + ^) E C"''\C9^' \\Dv\\co + Ce~'"(^' hh.) + \\Dv\\^,, 

< Iflli] (C(l + \\Dv\\^, + ||^;||^, + \\Dv\ 



< 



This gives the estimate of the lemma for HZJii^Hpo- Thanks to (|A.12p . this also implies the desired 
bound for II w" 11(^0. □ 

The following technical lemma will be needed later on. 

Lemma A. 6. There exists a constant Ci > such that, for any n G N, for any x , 

J^''\hx)\\D{Slc^Yoh){x)\\^ <Ct. 

Proof, li h = hn o ■ ■ ■ o hi, then S'^0y(a;) — J27=i{'t'Y ° ■ • ■ hix). Thus, 

(A.18) \\D{S^4>Yoh){x)f <C (^j{hi...hix)K-'+^^ . 

We will use the convexity inequality OiXi)^ < Oi)^ ^ OiX^, which comes from the convexity 
of X X* when ^ = 1 (the general case can be reduced to that specific case) . We take 
Oi — and Xi = r(hi . . . hix), and obtain 

(A.19) \\D{Sl(j)Y o h){x)\\^ < K-V(;ii . . . hix)'^. 

Let Fn{x) = J2hi h„Gn K~^r{hi . . . hix)'^) J'^"'\hn . . . hix), The sum that we want to esti- 

mate is bounded by CF„(x). As j(")(/ix) < Cj'-''\hy) by Lemma Ell we have F„(a;) < CFn{y). 
Hence, Fn{x) < C J Fn. Finally, a change of variables yields, 



□ 



A. 2. Contraction for Dolgopyat's norms. To prove the contraction for Dolgopyat's norms, 
we will essentially follow Dolgopyat's arguments as they are presented in (AGY06i Section 7], with 
additional technical complications due to the facts that the involved functions are unbounded, and 
that we want estimates which are uniform in M in Theorem 12. II 
We will need the following lemma, proved in | AGY06|, Lemma 7.5]. 

Lemma A. 7. There exist constants C2 > 1 and C3 > such that, for any ball B{x,C2r) which 
is compactly included in Y , there exists a function p : F — > [0, 1], vanishing outside B(x, C2r), 
equal to 1 on B{x,r) and with \\p\\(ji < C^/r. 

Later on, we will use oscillatory integral arguments. To do that, it will be important that the 
phases of g^^Sj^ipYoh y^j-y various speeds when one uses different inverse branches h. This is 
ensured by the following lemma. 

Lemma A. 8. There exist C4 > and an integer Nq > such that, for any N > Nq, there exist 
inverse branches /ii,/i2 G Ti.N and a continuous unitary vector field y{x) on Y such that, for any 
x(iY, 

(A.21) \D{Sl(j,Y o hi){x) ■ y{x) ~ D{SI<Py o h2){x) ■ y{x)\ > C4. 
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Proof. First step. Let us show that there exist C and N' such that, for any N > N' , there exist 
inverse branches /ii, /12 G Hat, a point x £ Y and a unit tangent vector y a,t x such that 

(A.22) \D{S^<I>Y o h^){x) ■ y - D{SUy o h2){x) ■ y\ > C . 

We argue by contradiction, so assume it is not the case. 

Let us fix an inverse branch /i G 7i, and consider the sequence of inverse branches h". Then 
D{Sl4>Y o /i")(a;) • y = YZ^i D{(I>y o h){h^-^x)Dh^-^{x) ■ y. As \\D{(t)Y o h)\\ is bounded and 
||Z)/i*''~^(a;)|| < K"*^"*"^, this series converges normaUy, to a continuous 1-form uj{x) ■ y. Let xq be 
any point in y, the series 'Yl'k=ii^Y ° — 'Py ° h'^{xo)) even converges in C^, and its sum i/j is a 
function with Dip — lo. 

Let now h' £ Ti. he another inverse branch. Let us consider /i„ = h"~^ o h' £ 7i„. Since we 
assume that (|A.22I) does not hold, D{S^(j>Y o hn) — D{S^4>y ° h^) converges pointwise to 0. But 
D{S^(f)Y ° hn) — DicpY o h') + X]fe=i D{(j)Y ° h)Dh'^^^ Dh' . Letting n tend to infinity, we get 

(A.23) DtPix) ■ y = D{(t>Y o h'){x) ■ y + DiP{h' x)Dh' {x) ■ y. 

Hence, D{{<j)Y +tp — ipo Ty ) oh') ~ 0. Therefore, the function 0y + -0 — -0 o Ty is constant on each 
set h'{Y), h' £ Ti. This contradicts the fact that 0y is not cohomologous to a locally constant 
function, and concludes the proof of the first step. 

Second step. Let us fix an arbitrary branch h £?{. Then D{S^ (pY ° h^) — Ym^o D{(j)Y ° h)Dh^ 
is uniformly bounded independently of p, by a constant cq. Fix N > N' (given by the first step) 
such that cqk~^ < C"/4. Let hi and /i2 be the inverse branches given by the first step, at time N, 
and let xo and ya be a point in Y and a tangent vector at this point, satisfying the conclusions of 
the first step. We extend yo to a continuous vector field on a neighborhood U of xo, still satisfying 
(|X22]1 . 

Since ^y has full support in Y, hy{U) > 0. Hence, U intersects HkyoUheHk ^0^)^ since /^y is 
supported on this last set. Let xi be a point in the intersection, and let £k £ Ti-k be the inverse 
branch of Ty such that xi £ ik{Y). Since the diameter of £fc(F) tends to when k 00, £k{y) 
is included in U for large enough k. In particular, there exist fc > and an inverse branch £ £ Tik 
such that i{Y) C U. 

Let yi{x) — Di(x)"^ ■ yo{£x). For any p e N, and j £ {1, 2}, we have 

\D{Sp+j^+k(pY ohPo hj o £){x) ■ yi{x) - D{Sji+k'pY o hj o £){x) ■ yi{x)\ 

= \D{S]^<j>Y o hP){hj£x)Dhj{£x) ■ yo{£x)\ < cq \\Dhj{£x)\\ < cqk.-^ < C /A. 

Moreover, 

\D{SN+k(pY ohio £)(x) ■ yi{x) - D{S'^^f,(l)Y 0/12° £){x) ■ yi{x)\ 

= \D{Sl^Y o h,)(x) ■ yo{x) - i?(5^0y o h2){x) ■ yo{x)\ > C . 
Adding these estimates, we obtain 

\D{Sl+^+t,<PY ohPoh.o £){x) ■ - i?(5p%+,0y ohPoh20 £){x) ■ > C'/2. 

We conclude the proof by taking y{x) = / □ 

We recall that we defined a constant Ci in Lemma IA.6| and a constant C4 in Lemma IA.8I 
We fix once and for all a constant Cq > max(4Ci, 10). We also fix an integer N which is 

larger than the integers Nq given by Lemmas \A.^ and \A.^ and such that < 1/1000 and 

C4 > 20k-^Co. 

From this point on, the Dk norms and the cones £k will always be defined with respect to the 
constant Cq. The following lemma essentially proves ()2.6p . 



Lemma A. 9. There exists a function a : (0,eo) ~* ^+ which tends to when e tends to .such 
that, for any e < Eq, M > and A > 0, there exists K > such that, for any \£\ > \k\ > K , for 
any function v :Y ^ C and any function tp £ C^/^, 

(A.24) ll^f "^(^-)L, < ll^llc- Md,,,, . 
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Proof. Let u be such that {u,v) e £2mi{Co). Let 

(A.25) M = IIV-II^A,^ ( J2 J^^^^\hx)u{hxf 

we will show that there exists a{e) (independent of M) such that (e^"^^"*^'^^M, /^^^^(tAw)) G £i{Co). 
We have 

(A.26) \Cf^{iPv)\ < J2 J''^"^\hx)^p{hx)u{hx). 

We bound il){hx) by ^er^^^^^hx) ^ ^^^j Cauchy-Schwarz inequality. We conclude 

The coefficient £f^^l(a;)^/^ is bounded by a coefficient of the form e*^^"('^' by Lemma [A. 2 1 
Let us now estimate the derivative of 

(A.27) Ci'^iiPv){x) ^ J2 >/^^^^^(/ia;)e-*'=^^^"'^^('*^V(M«(M- 

hG'H.MN 

If we differentiate J^^'^^^hx), its derivative is bounded by CJ^^'^^^ (/ix) by Lemma I A. 11 and 
the resulting term is therefore bounded by par Ce^-'^"^'^^u{x) as above. If we differentiate 
^-ikSMf^<t>YfJix) ^ ^gg Cauchy-Schwarz inequality and Lemma [A. 61 to obtain a bound 

I^NI^IIc- {Y.J''''''^h-)\\D{slN^yoh){x)^^^^^^^ 

(hx)u{hx) ) 

The derivative of ^ o ft, is bounded by ^e'^''*""''-'™' II-^IL/i.e , and the resulting term is therefore 

bounded by Ae''' ^ °'^^'> u{x) . Finally, if we differentiate v{hx), we use the inequality ||Z)w(/ix)|| < 
CoK-^'^'^2^^i\u{hx), so that the resuhing term is bounded by CoK"*^^2^'^|^|e*^^"(^)u(a;). Finally, 

(A.28) \\D{Cf^ i^v)){x)\\ <{C + A + Ci\k\+ CoK-^^^2*'Vl)e*^^"^'^^(x). 

The choice of N and Co implies that this term is bounded by Co\£\e^'^^°'^^''u{x) if K is large 
enough. 

Let us finally bound the derivative of u, or 

rather of u2 (a;) = J''^'^^Hhx)u{hx)^ . If 

we differentiate the jacobian, the resulting term is bounded by Cu^. If we differentiate m^, this is 
bounded by 

2||?/;||^A,e^^ J(^^^)(/ix)k-^^^m(/ix) \\Du{hx)\\ 

< 2 IIV-II'^,. K-^'"" ■ 2^'\£\Co y J^^'''\hx)u{hxf = 2|£|2*^«;-^^^Co?i^ 

Hence, 

(A.29) 2u{x) \\Du{x)\\ = < 2(C/2 + 2^' n'^^^ Co\l\)u{xf . 

Dividing by 2u{x) and using < 1/1000, we obtain the desired bound ||-D{t(x)|| < Co\£\u{x) if 
1^1 is large enough. 

We have proved that (e*^^"^'^)^, ^(V-w)) G £e{Ca). Hence, 

(A.3G) ll^r (^-)L, < e^^^"(^) II^IL. < ||^|lc^,^ M,. . 

Taking the infimum over the quantities ||w||^4 for {u,v) G £2'^'e{(^o)i we obtain the lemma. □ 
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From this point on, we concentrate on the proof of (12.51) . For v e C^{Y) and ip e C^/^, we 
will estimate C^^^(ipv) by starting from and applying M times the operator , which has 
good contraction properties thanks to the phase compensation phenomenon given by Lemma lA.81 
A technical issue in this argument is the fact that the functions ^v^C^ (V'"); ■ • ■ ^ {ipv) 
are not on y, since the function -0 is quite wild at the beginning (it is only bounded by 
g4er(""'(a;)^ SO smoothuess is Only regained after application of To deal with this issue, we 

will introduce intermediate degrees of smoothness, keeping track of the smoothness that has not 
yet been regained, as follows. 

If Z is a subset of F, n S N and e > 0, we will say that (u, v) E £fe(Co, Z, n, e) if the functions u 
and V are on Z and \v\ < e"'^ u, \\Du\\ < Co\k\u and \\Dv\\ < C'o\k\e^^^ ' u on Z. In particular, 

= Sk{Co,Y,0,e) for any e > 0. We will also write „ for the infimum of |ju||^4 over 

the functions u such that (u, v) G £k{Co, Z, n, e). 

Lemma A. 10. There exists a function a : (0,eo) ^ which tends to when e — > such 
that, for any A > 0, n > 0, e < Eq, and for any Z C Y , there exists K > such that, for 
any \i\ > \k\ > K, for any pair of functions {u,v) G £Qe{Co,TY^ Z,nN,e), for any function 

X ■■ Ty^Z ^ [3/4,1] with \\Dx\\co < \k\ such that \C^v{x)\ < C'^ {e"''''""' xu)ix), holds 

(A.31) (e~"(^)/:^(x'?.2)l/2^ ^TV^) ^ ^^(^^^ 2 _ 

Note that the lemma also apphes for (u, u) G £i{Cq,Ty^ Z,nN ,e) or £u{Cq,Ty^ Z,nN .e), 
since these cones are contained in £qi{Ci^,Ty^ Z, nN, e). 

Proof of Lemma \A.1(A The proof is similar to the proof of Lemma IA.9I One should only check 
that the additional terms coming from the function x ^-re harmless in the estimates. This is 
ensured by the choice of N and Cq. □ 

By Lemma Em we can fix two inverse branches hi and h2 of as well as a vector field yo{x) 
satisfying the conclusion of the Lemma. Smoothing it, we obtain a vector field y such that 
1 < \\y\\ < 2 and, for any x eY , 

\D{Sl4>Y o hi){x) ■ y{x) - D{Sl^Y o h2){x) ■ y{x)\ > C4/2. 

Since \\Dhj{x)\\ < and C4 > 20k"^Co, this implies that 

\DiS^(bY o hi)ix) ■ y{x) - D{Sl4>Y o h2){x) ■ y{x)\ > 5Co max(p/ii(a;) • y(a;)|| , WDh^ix) ■ y{x)\\). 

Informally, this equation ensures that the difference between the arguments of e~'''^^N'l>Y(hix} 
and Q-^''Sfj(t>Y{h2x) varies quickly when x moves slightly in the direction of y{x). Using this, it is 
possible to prove the following lemma (see |AGY06 '. Lemma 7.13] for a detailed proof): 

Lemma A. 11. There exist S > and C > satisfying the following property. Let \k\ > 10 
and xq € Y be such that the ball B = B{xq, (C + ^)/|fc|) is compactly contained in Y . Consider 
(m, u) G £3fc(Co, /ii-B U /i2i?, 0, 0). Then there exist X I with d{xf)^xi) < C,/\k\, and j (z {1,2} , such 
that, for any x G B{xi, S/\k\), 

|e-*'^^«*^(''^^)/^n/ija;)w(/^ja;) +e-''=^"'^^(''^-^=^)jW(/i2-jx)v(/i2-j2;)| 

< ^J^^\hjx)u{hjX) + J^^\h2-jX)u{h2-jX). 

If i7 is a set of inverse branches of Ty, we will write H(Y) = UheH ^(^)- 

Lemma A. 12. There exist 9i < 1 and a function a : (0,eo) M-|- tending to when e — s- 
satisfying the following property. Let n > 0, let H be a finite subset of TinN ■ Denote by ijt"^^)^ c 
T^(n-i)N set of inverse branches Ty ° h for h £ H . Then, for any H , there exists K{H) such 
that, for any \k\> K{H), for any function v, for any e < 

(^■^2) ll^fc'^lll>fc(ff("-i)«(y),e,(n-l)Ar) - e^"(^) h\\D:i^(H(Y),e,nN) ■ 
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Proof. Increasing H if necessary, we can assume that, for any h G the branches hi o h 

and h belong to H. Let {u, v) e 83k{Co, H{Y),e, nN). 

Let h G we will work on h{Y), and use the weak Federer property for the constant 

C = C2{C/^ + 1) (where C2 is given by Lemma fA.7|) . Definition 11.31 provides us with constants 
D > and rjQ{h{Y), C). Since the weak Federer property is uniform over the inverse branches of 
Ty, we can even choose D depending only on C, and not on h. 

We apply the definition of the weak Federer property to 77 = 6/{C2\k\). If |fc| is large enough, 
we indeed have 77 < 7]o{h{Y),C) for any h e (here, the finiteness of H is crucial). We 

obtain disjoint balls B{xi, C2{C/S + 1)??), . . . , B{xk, C2{C/S + I)?]) compactly contained in h{Y), 
and sets Ai, . . . , Ak contained in B{xi, Drj), whose union covers h{Y)^ and such that, for any 
x[ e B(x,, (C2(C/<5 + 1) - 1)??), holds iiy{B{x\,ti)) > iiY{A^)/D. 

On each ball B = B{xi,C2{C/S + l)r]) = B{xi, {( + 6)/\k\), we apply Lemma [A. Ill to the pair 
of functions {u{x)e'^^'''''^''^^\v{x)) (which belongs to f3fc(Co, Ty ^i?, 0, 0)). The conclusion of this 
lemma gives a ball B'^ = B{x^, S/\k\) as well as an index j E {1,2}. We will write type(i?^) = j. 
Let _B,'' ~ B{x^, 5/{C2k)) — B{x[, rf). By Lemma FA. 7) there exists a function pi equal to 1 on _B,", 
vanishing outside of B[, whose norm is bounded by C\k\. 

Let us then define a function p on Ty^ (hY) hy p = (X]typo(B')=i '^^-^ ° ^ji^^) (^r 

j — 1, 2) and p = elsewhere. Finally, let x = 1 ~ cp where c is small enough. Then ||xlici — 1^1 
if c is small enough, and l/C^fl < C'^{xue'^^^ ') by construction (using Lemma IA.11[1 . Hence, 
Lemma E30] implies that (e^"(")/:^(x^^^^)^/^ /:f w) € £k{Co,hiY),{n - l)N,e). 

We glue together the different functions x obtained by varying /i, to obtain a function (that we 
still denote by x) on H{Y). We sill have {e^°''-^'^C^ (x'^u^/^Xk € £fc(Co, i/("-^'^(r), (n - 
l)A^,e). If we can prove that ||£^(x^u^)"^^^ ||^4 < /3||u||^4 where /3 < 1 is a constant which is 
independent of everything else, then the proof will be finished. 

Let u = C^ix^u^)^/^. We have 

uixf J^^Hhx)xihxfuihx)A <( J2 J^^Hhx)xihxA ■ ( ^ jW(M"(M^) • 

Let Y\ = [j Bl' , and let Y2 be its complement. On Yi, the factor "^h^ji^ j'^'^\hx)x{hxY is 
bounded by a uniform constant /3o < 1, hence u{x)'^ < (SqC^ {u^){x) . On F2, we only have 
m(x)4 < C^{u^){x). 

Let w — [u^). Since ||-Du|| < 3Co|fc|u, there exists a constant C such that ||-Dw|| < Clfejui. 
Integrating this inequality along a path between two points yields w{x) < e'^^'^^'^^^'^^wd/) for any 
x,y. In particular, since Ai C B{xi,CDS/{C2\k\)), there exists C such that, for any x £ Ai and 
y G S", we have w{x) < Cw{y). Integrating this inequality. 



PYiA,)- ^iY{B'n' 

But p,Y{Ai) < Diiy{B'1) by definition of the sets Ai, hence w < C Jg„ w. The balls B[' are 

pairwise disjoint, so we conclude ^ — ^' Sy ^ ^'^'^ some constant C". 
Let E be large enough so that {E + 1)I3q + C < E. Then 

{E+l) ( <{E+l) ( Pow + iE + l) I w<{E+l)Pol w + E I w + C [ w < E [ w. 

J JYi JY2 Jyi Jy2 JYi J 

Hence, ||u||^4 < J ^ — "eTT I^^' This is the desired inequality. □ 

Lemma A. 13. There exist 62 < \ and a function a : (0,eo) ~^ which tends to when s 
satisfying the following property. For any M > 0, e < Sq and A > 0, there exists K > such that, 
for any function u : 1" — > C and for any ip G C^i'nj for any \k\> K , 
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Proof. Wc will give the proof for odd AI (the proof for even M is analogous and even simpler). 

We will decompose TCmn as the union of a finite set Hi (to which we will apply Lemma rA.12p 
and a set H2 which will yield a small enough contribution. Let H <Z TL have finite complement. 
We will take for Hi the set of inverse branches in TiuN which are the composition of branches 
not belonging to H , and for H2 its complement. 

Let w — \h^(y)i1^v and w' ~ \h^(y)'iPv. We will first estimate ||£^'^^it;'||^ . Let u be such 

1 /2 

that {u,v) e £2^'k- Let u = WiI^W^a.^ (X^he/fa J'^^^'^\hx)u{hxy'^ , the computation made in the 
proof of Lemma HH shows that (e^^^^^^u, /:f ^u;') G £fe(Co). 
We have 

(A.34) < UWrA,, y CCo.hC'u^, 

a+b=MN-l 

where Cq^h is similar to the operator C, but the sum is only done over branches belonging to H 
(this operator has already been defined before Lemma rA.2p . This lemma shows that, if H is chosen 
small enough, then H^Co.ff Ili2_>^2 can be made arbitrarily small. Hence, if H is small enough (in 
terms of M and e), we have 

(A.35) ll^r-'L. < - IIV^IIc- ■ 

Let us fix such an H. Since AI is odd, it can be written as M = 2m + 1. The set Hi is finite and 
fixed. In particular, there exists a constant i? such that, for any x G Hi{Y), \\Dtfj{x)\\ < B\\il;\\^ 
If I A: I is large enough (in terms of B), this yields 

Iterating m times Lemma lA. 101 (with % = 1), we obtain 

(A.37) ll^r-L3.(^<— ^ ^"""^^^ llV'llc- W-W., ■ 

We then apply inductively Lemma lA.121 If |A:| is large enough, we obtain for i > m 

(A.38) II A^-L.«-')"(n,(M-.)^,e) ^ IIV'llc- (^t"-'"" Md,., • 

For i ~ M = 2m + 1 , we conclude 

(A.39) w^rMU ^ ii^iic- w-w.. • 

Adding up the inequalities ()A.35|) and (|A.39|) , we get the conclusion of the lemma. □ 

Proof of Theorem\Mi We choose 9 e (2-1/(1010^)^ such that 6^°° is larger than the constants 
6*0 given by Lemmas IA.3I and IA.5| and than 62 given by Lemma IA.13I If e > is small enough, 
Lemma [A. 5 1 f applied to MN) shows (|2.4p . Moreover, (|2.3p is implied by Lemma [A. 31 Finally, 
(|2.6p is a consequence of Lemma IA.91 and (|2.5p follows from Lemma IA.13I □ 
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